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Abstract Stars are extremely important astronomical objects that constitute
the pillars on which the Universe is built, and as such, their study has gained
increasing interest over the years. White dwarf stars are not the exception.
Indeed, these stars constitute the final evolutionary stage for more than 95 per
cent of all stars. The Galactic population of white dwarfs conveys a wealth of
information about several fundamental issues and are of vital importance to
study the structure, evolution and chemical enrichment of our Galaxy and its
components — including the star formation history of the Milky Way. Several
important studies have emphasized the advantage of using white dwarfs as
reliable clocks to date a variety of stellar populations in the solar neighborhood
and in the nearest stellar clusters, including the thin and thick disks, the
Galactic spheroid and the system of globular and open clusters. In addition,
white dwarfs are tracers of the evolution of planetary systems along several
phases of stellar evolution. Not less relevant than these applications, the study
of matter at high densities has benefited from our detailed knowledge about
evolutionary and observational properties of white dwarfs. In this sense, white
dwarfs are used as laboratories for astro-particle physics, being their interest
focused on physics beyond the standard model, that is, neutrino physics, axion
physics and also radiation from “extra dimensions”, and even crystallization.
The last decade has witnessed a great progress in the study of white dwarfs.
In particular, a wealth of information of these stars from different surveys has
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allowed us to make meaningful comparison of evolutionary models with obser-
vations. While some information like surface chemical composition, tempera-
ture and gravity of isolated white dwarfs can be inferred from spectroscopy,
and the total mass and radius can be derived as well when they are in binaries,
the internal structure of these compact stars can be unveiled only by means of
asteroseismology, an approach based on the comparison between the observed
pulsation periods of variable stars and the periods predicted by appropriate
theoretical models. The asteroseismological techniques allow us to infer de-
tails of the internal chemical stratification, the total mass, and even the stellar
rotation profile.
In this review, we first revise the evolutionary channels currently accepted
that lead to the formation of white-dwarf stars, and then, we give a detailed
account of the different sub-types of pulsating white dwarfs known so far, em-
phasizing the recent observational and theoretical advancements in the study
of these fascinating variable stars.
Keywords stars: evolution · stars: white dwarfs · stars: interiors · stars:
oscillations · stars: asteroseismology
1 Introduction
White dwarf (WD) stars represent the final evolutionary stage of the majority
of stars. Indeed, all stars with stellar masses lower than ∼ 10 − 11M⊙, de-
pending on their initial metallicity (e.g. Woosley and Heger, 2015), will end
their lives as WDs, earth-sized electron-degenerate stellar configurations. As
such, they play a unique and fundamental role for our understanding of the
formation and evolution of stars, evolution of planetary systems, and the his-
tory of our Galaxy itself. The study of WDs results thus of central relevance
for a vast variety of topics of modern astrophysics, ranging from the final
fate of planetary systems to the characterization of dark matter (Farihi, 2016;
Salaris and Cassisi, 2018). The present population of WDs keeps a detailed
record of the early star formation in the Galaxy. Therefore, accurate WD lu-
minosity functions can be used to infer the age, structure and evolution of the
Galactic disk and the nearest open and globular clusters (Fontaine et al., 2001;
Bedin et al., 2009; Garc´ıa-Berro et al., 2010; Bedin et al., 2015; Campos et al.,
2013, 2016; Garc´ıa-Berro and Oswalt, 2016; Kilic et al., 2017)1. In a different
context, the host stars of most planetary systems, including our Sun, will
evolve into WDs, and nowadays observational evidence convincingly demon-
strates that numerous WDs foster remnants of planetary systems — even
planetary matter, shedding light on the chemical composition of extra-solar
planets (Ga¨nsicke et al., 2012; Hollands et al., 2018). Also, WDs are found
in binary systems, thus offering a test bed to explore complex stellar in-
teractions amongst stars, including WDs exploding as type Ia supernovae
(Maoz et al., 2014). In addition, WDs can be used as cosmic laboratories of
1 Catelan (2018) describes other methods that use WDs to infer ages of stellar populations.
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extreme physics, ranging from atomic and molecular physics in strong mag-
netic fields, and high-density plasmas and even solid-state physics (through
crystallization; Winget et al., 2009; Tremblay et al., 2019), to exotic physics,
like constraining the axion mass and the possible variation of the gravitational
constant (Isern et al., 1992; Co´rsico et al., 2012b, 2013), and also variations of
the fine-structure constant (Hu et al., 2019). Last but not least, fundamental
properties of WDs, either individually or collectively, like the mass distri-
bution, core chemical composition, and cooling times are key to place con-
straints on the stellar evolution theory, including third dredge up and mass
loss on the Asymptotic Giant Branch (AGB), the efficiency of extra-mixing
during core helium burning, and nuclear reaction rates (Kunz et al., 2002;
Salaris et al., 2009; Fields et al., 2016). Excellent review papers describing the
evolutionary properties of WDs are those of D’Antona and Mazzitelli (1990),
Koester and Chanmugam (1990), Fontaine et al. (2001), Koester (2002), Hansen and Liebert
(2003), Hansen (2004), Fontaine and Brassard (2008), Winget and Kepler (2008),
and Althaus et al. (2010b).
Like many stars, when relevant layers are required to transport energy
through high opacity, WDs exhibit periodic brightness variations which are due
to global pulsations associated to their normal modes (Ledoux and Walraven,
1958; Cox, 1980; Unno et al., 1989). The existence of these intrinsic luminos-
ity variations implies that, in principle, we have available a unique window
to “look” inside these stars, otherwise inaccessible by other means. The anal-
ysis of pulsations of a variety of stars has led, in the last decades, to the
development of novel techniques which, taken together, are known today as
asteroseismology (Aerts et al., 2010; Balona, 2010; Catelan and Smith, 2015).
In principle, a key factor for a successful asteroseismological analysis is the
number of periods visible in the star, i.e., the more periods a pulsating star
exhibits, the stronger the constraints that asteroseismology could place. It
must be emphasized, however, that the crucial point for a successful aster-
oseismological exercise is not the absolute number of modes itself, but the
diversity in the eigenfunctions of these modes. Putting it in other terms: the
information provided by a few periods corresponding to low-order modes is
generally richer than the information that provides a larger set of modes with
periods in the asymptotic regime (high-order modes).
Most WD stars go through at least one stage of pulsational instability
during their lives2, which turns them into multi-periodic pulsating variable
stars and therefore, it is possible to analyze their internal structure employ-
ing the tools of asteroseismology (Winget, 1988; Kepler and Bradley, 1995;
Fontaine and Brassard, 2008; Winget and Kepler, 2008; Althaus et al., 2010b;
Vauclair, 2013; Kepler and Romero, 2017; Co´rsico, 2018). Pulsations in WDs
manifest themselves as periodic brightness variations in the optical and also
in the ultraviolet (UV) regions of the electromagnetic spectrum. These varia-
tions are generated by global nonradial g(gravity)-mode pulsations which are
2 An exception are the high-field magnetic WDs, that represents a significant fraction of
the local population of WDs, and for which there is no observational evidence of variability
due to pulsations.
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a subclass of spheroidal modes3 whose main restoring force is gravity through
buoyancy. The pulsations are characterized by peak-to-peak amplitudes be-
tween 0.1 mmag and 0.4 mag in typical optical light curves.
An increasing number of categories of WD pulsators has been discovered
since 1968. At present, there are six classes of confirmed pulsating WDs known
(see Fig. 1). They are:
– The variables ZZ Ceti or DAVs —pulsating WDs with almost pure H
atmospheres— which are the most numerous ones (Kepler and Romero,
2017). They are located at low effective temperatures and high gravities
(10 400 K ∼< Teff ∼< 12 400 K and 7.5 ∼< log g ∼< 9.1). It was the first class
of pulsating WDs to be detected (Landolt, 1968). Many DA WDs and so,
some DAV stars, have an atmosphere polluted by the accretion of heavy
elements from a debris disk (Koester et al., 2014; Wachlin et al., 2017).
– The GW Lib stars, which are accreting pulsating WDs in cataclysmic vari-
ables (10 500 K ∼< Teff ∼< 16 000 K and 8.3 ∼< log g ∼< 8.7). They have
H-dominated atmospheres, but due to accretion from a solar composition
or He-enriched low-mass companion, they can have an enhanced He abun-
dance (Szkody et al., 2010). The first object of this kind, GW Librae, was
discovered by Warner and van Zyl (1998).
– The variables V777 Her or DBVs (atmospheres almost pure in He, 22 400
K ∼< Teff ∼< 32 000 K and 7.5 ∼< log g ∼< 8.3), the existence of which
was theoretically predicted by Winget et al. (1982b) before their discov-
ery (Winget et al., 1982a).
– The pulsating PG1159 stars or GW Vir variable stars, after the prototype
of the class, PG 1159−035 (McGraw et al., 1979). This is the hottest known
class of pulsating WDs and pre-WDs (80 000 K ∼< Teff ∼< 180 000 K and
5.5 ∼< log g ∼< 7.5), constituted by variable H-deficient, C-, O- and He-
rich atmosphere WD and pre-WD stars. This group includes objects that
are still surrounded by a nebula —the variable planetary nebula nuclei,
designed as PNNVs— and stars that lack a nebula —called DOVs.
– The ELMVs (Extremely Low-Mass WDs variable, 7 800 K ∼< Teff ∼< 10 000
K and 6 ∼< log g ∼< 6.8, pure H atmospheres), discovered by Hermes et al.
(2012).
– The pre-ELMVs (8 000 K ∼< Teff ∼< 13 000 K and 4 ∼< log g ∼< 5), the
probable precursors of ELMVs (Maxted et al., 2013).
Also, there are two additional classes of tentative WD pulsators, that need
confirmation:
– The hot DQ variable WDs, or DQVs (19 000 K ∼< Teff ∼< 22 000 K and
8 ∼< log g ∼< 9). They are WDs with C- and He-rich atmospheres. The
prototype of this class, SDSS J142625.71+575218.3, was discovered by
Montgomery et al. (2008). We caution that the variability of some of these
3 Spheroidal modes are characterized by (∇×ξ)r = 0 and σ 6= 0, where ξ is the Lagrangian
displacement and σ the pulsation frequency (Unno et al., 1989).
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Fig. 1 Location of the different classes of confirmed and tentative pulsating WD and pre-
WD stars (circles of different colors) in the log Teff − log g diagram. This figure is an update
of Fig. 15 of Althaus et al. (2010b). Stars emphasized with squares surrounding the light
green circles can be identified as pre-ELMV stars as well as SX Phe and/or δ Scuti stars.
GW Vir stars indicated with blue circles surrounded by blue circumferences are PNNVs. In
the case of GW Lib stars, only the location of the prototypical object, GW Librae, has been
included (magenta dot). Two post-VLTP (Very Late Thermal Pulse) evolutionary tracks for
H-deficient WDs (0.51 and 0.87M⊙; Miller Bertolami and Althaus, 2006), four evolutionary
tracks of low-mass He-core H-rich WDs (0.16, 0.18, 0.24, and 0.44M⊙; Althaus et al., 2013),
and one evolutionary track for ultra-massive H-rich WDs (1.16M⊙; Camisassa et al., 2019)
are plotted for reference. Dashed lines indicate the theoretical blue edge of the instability
domains for the different classes of pulsating WDs.
objects could be explained by other effects than pulsations (Williams et al.,
2013).
– The so-called “hot DAVs” (Teff ∼ 30 000 K, 7.3 ∼< log g ∼< 7.8; Kurtz et al.,
2008, 2013), whose existence was anticipated by the theoretical calculations
of Shibahashi (2005, 2007). The pulsating nature of the variability of these
stars needs to be confirmed with further observations.
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Table 1 Properties of the different families of variable pulsating WDs, sorted by decreasing
effective temperature. The tentative classes of pulsators are labeled with a question mark
in parentheses.
Class Year Teff log g Periods P˙ ≡ dP/dt Amplitudes Main surface
of disc. (#) [× 1000 K] [C.G.S.] [s] [s/s] [mag] composition
GW Vir (PNNV) 1984 (10) 100− 180 5.5− 7 420− 6000 10−10 − 10−11 0.01− 0.15 He, C, O
GW Vir (DOV) 1979 (9) 80− 100 7.3− 7.7 300− 2600 10−10 − 10−12 0.02 − 0.1 He, C, O
Hot DAV (?) 2013 (3) 30− 32.6 7.3− 7.8 160 − 705 10−13‡ 0.001− 0.015 H
V777 Her (DBV) 1982 (39) 22.4− 32 7.5− 8.3 120− 1080 10−13 − 10−14 0.05 − 0.3 He (H)
DQV (?) 2008 (6) 19− 22 8 − 9 240− 1100 10−14‡ 0.005− 0.015 He, C
GW Lib 1998 (20) 10.5− 16 8.35− 8.7 100− 1900 10−8‡ 0.007 − 0.07 H, He
ZZ Cet (DAV) 1968 (250) 10.4− 12.4 7.5− 9.1 100− 1400 (1− 4)× 10−15 0.01 − 0.3 H
pre-ELMV 2013 (5) 8− 13 4 − 5 300− 5000 10−13‡ 0.001 − 0.05 He, H
ELMV 2012 (11) 7.8− 10 6− 6.8 100− 6300 10−14‡ 0.002− 0.044 H
‡ Estimated from theoretical pulsation models.
In Table 1, we present a compact summary of the main pulsation charac-
teristics of each class of pulsating WD stars. This is an update of Table 2 of
Althaus et al. (2010b) (see, also, Table 13.1 of Catelan and Smith, 2015). The
first column corresponds to the name of each class, the second one gives the
year of discovery of the first member of the group and the number of known
members (in parenthesis), columns 3 to 8 correspond to the effective temper-
ature, the logarithm of the surface gravity, the range of observed periods, the
range of the rates of period change, the interval of amplitudes, and the surface
chemical composition of each class, respectively.
Regarding the driving mechanisms involved in the excitation of the pul-
sations in WDs, there is a strong consensus that they correspond to thermal
processes that give place to self-excited pulsations4. The more relevant mech-
anisms are the κ − γ mechanism, that involves an increase in the opacity of
the material due to the partial ionization of the dominant chemical species
(Dolez and Vauclair, 1981; Winget et al., 1982b; Gautschy et al., 2005), and
the “convective driving” mechanism (Brickhill, 1991; Goldreich and Wu, 1999)
that acts efficiently when the outer convection zone deepens. In the case
of GW Vir stars, which lack a surface convection zone due to their very-
high effective temperatures, only the κ − γ mechanism appears to be the
one responsible for pulsations. Finally, the ε mechanism due to stable nu-
clear burning could be able to excite short-period g modes in GW Vir stars
(Kawaler et al., 1986), ELMVs (Co´rsico and Althaus, 2014b), and ZZ Ceti
stars evolved from low-metallicity progenitors (Camisassa et al., 2016). Also,
4 This, at variance with the forced pulsations such as stochastic excitation by turbulent
convection, in which the modes, that are intrinsically stable, are actually excited by convec-
tive motions.
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g-mode excitation by the ε mechanism has been predicted for very hot H-rich
pre-WDs (Maeda and Shibahashi, 2014). In spite of the fact that the origin of
pulsations in WDs is known to a large extent, little is known about the agent
that causes the red edge of the instability strips5, neither why many pul-
sating WDs —particularly DAVs— exhibit so few periods. Fortunately, this
incomplete knowledge of the physics of mode excitation and damping of WD
pulsations does not prevent us from advancing in asteroseismological studies
based on adiabatic calculations, in which the physical agent that gives rise to
the pulsations is not relevant6, but rather the value of the periods themselves,
which depends sensitively on the internal structure of WDs.
The small number of detected periods in WDs does not allow for the appli-
cation of any inversion technique, as in the case of the Sun (through helioseis-
mology), for which nearly the whole structure of the star can be determined
from the eigenfunctions7. Essentially, WD asteroseismology consists in the
comparison of the individual periods and period spacings observed in variable
WDs with adiabatic period and period spacings computed for a set of pul-
sation models —the so-called forward method. Ideally, when the differences
between the theoretical and observed periods are small, an asteroseismological
solution —the asteroseismological model— can be found. As the number of
detected normal modes is usually small, this solution is not unique, and there-
fore external constraints such as the surface gravity and effective temperature
of the star derived through spectroscopy —or distance from parallax— have
to be considered to break the degeneracy of solutions. In the case of success
in obtaining an asteroseismological model, one automatically has information
about the internal structure, stellar mass, surface gravity, effective tempera-
ture, luminosity, radius, etc. of the star under study. With the luminosity it is
possible to infer the seismological distance, which can be compared with the
distance derived through the trigonometric parallax. If it is not possible to
obtain an asteroseismological model, but if it is feasible to derive a mean sep-
aration of the observed periods, it can be compared with the theoretical one,
allowing us to infer the stellar mass. This last technique, however, is difficult to
apply in many cases due to the simultaneous dependence of the mean period
spacing on the stellar mass, the effective temperature, and the thickness of the
outer envelopes of WDs8. In connection with this, the departures of the period
separation from a constant period spacing tell us about the steep variations
in density caused by chemical transition regions of WDs. Another tool of WD
asteroseismology is the analysis of the splitting of the frequencies, which can
5 Although see Quirion et al. (2012) for the case of GW Vir stars and Luan and Goldreich
(2018) for the case of ZZ Ceti stars.
6 The sound of the bells (their eigenfrequencies) does not depend on how the bells are
rung (Baade, 1992).
7 Note, however, that in many cases the studies of solar-type pulsators seem to be limited
to using the frequency separations and frequency maximum to derive the astrophysical
parameters of the stars, using the so-called “scaling relations” (Lund et al., 2017).
8 However, the dependence of the period spacing on the thickness of the outer envelope
of DA and DB WDs is generally weaker than its dependence upon the effective temperature
and the stellar mass (Tassoul et al., 1990).
8 Co´rsico et al.
give clues about the nature and magnitude of rotation (angular velocity) and
magnetic fields. In particular, Kawaler et al. (1999) were the first to explore
the potential of the inversion methods employed in helioseismology to infer the
internal rotation of GW Vir and V777 Her stars. Finally, there is the secular
drift of the pulsation periods. Although the measurement of this quantity is
extremely difficult, the rate of period change can give valuable information
about the core chemical composition of WDs and the cooling rate.
In this review, we will not focus on the details about the asteroseismological
tools applied to pulsating WDs, which can be found in Fontaine and Brassard
(2008); Winget and Kepler (2008); Althaus et al. (2010b), Kepler and Romero
(2017), and Giammichele et al. (2017b). Instead, we will concentrate on the
advancements made in the study of pulsating WDs in the last decade.
2 Evolutionary channels and uncertainties in progenitor evolution
More than 60 years after its humble beginnings (Schwarzschild, 1958), stellar-
evolution theory is nowadays a well established and predictive theory (Kippenhahn et al.,
2012). After more than half a century of continuous development, its main pre-
dictions have been confirmed by a variety of different observational tests. This
is even more true in the case of the low- and intermediate-mass stars, which
are the progenitors of WD stars, where rotation and magnetic fields do not
play a major role in determining the internal structure. As a consequence, we
can now use the predictions of the stellar-evolution theory to learn about the
evolution of WD progenitors and make educated guesses about their internal
structure and composition.
2.1 Single evolution
In the simplest picture, WD stars are formed once winds remove most of the
H-rich envelope below the critical value required to sustain a giant-like struc-
ture. For most single low- and intermediate-mass stars, this happens once the
star finishes burning He in the core, and evolves to the Thermally Pulsating
(TP) Asymptotic Giant Branch (AGB). On the TP-AGB phase, stars undergo
intense radiation dust-driven winds as high as M˙ ∼ 10−4M⊙/yr, where most
of the envelope can be removed in less than one million years, leaving a carbon-
oxygen (CO) core WD (Herwig, 2005; Ho¨fner and Olofsson, 2018). While most
low- and intermediate-mass stars will reach the TP-AGB phase, progenitors
with the lower masses might lose enough mass on the first ascent of the red
giant branch (RGB) to populate the extreme horizontal branch (sdB stars)
and directly evolve to the WD cooling track without reaching the AGB phase
(the so-called “AGB-Manque´” stars), see Greggio and Renzini (1990) and ref-
erences therein. Although a CO-core WD is the most common end state for
single stars, other possibilities exist. In fact, on the one hand, the heaviest in-
termediate mass stars (Mi ∼> 8M⊙) might reach temperatures in the core high
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enough to ignite C, enter the Super-AGB phase and end up as oxygen/neon
(ONe)-core WDs (Ritossa et al., 1996; Siess, 2010)9. On the other hand, stars
with low initial masses (Mi ∼< 0.65M⊙), low initial metallicities and high ini-
tial He-contents are able to evolve away from the main sequence in timescales
shorter than a Hubble time, and might lose their H-rich envelopes already on
the first RGB, leading to the formation of relatively massive He-core WDs
(Mf ∼> 0.4M⊙, see Ventura et al., 2001; Norris, 2004; Calamida et al., 2008;
Strickler et al., 2009; Bellini et al., 2013; Althaus et al., 2017, and references
therein).
Although the overall picture of the evolution of single WD progenitors
was well established many decades ago, some uncertainties remain about the
details of the pre-WD evolution. Among them, convective boundary mixing
remains the largest one. While extra-mixing in H-burning cores during the
main sequence is relatively well constrained and calibrated (Pietrinferni et al.,
2004; Ekstro¨m et al., 2012), the extent of convective boundary mixing dur-
ing the He-core burning (Charpinet et al., 2011; Constantino et al., 2015) and
TP-AGB phases (Wagstaff et al. 2019, submitted) is somewhat uncertain.
The lack of a complete understanding of convective boundary mixing, to-
gether with the uncertainties in the intensity of winds during the TP-AGB
phase, lead to uncertainties in the Initial-Final Mass Relationship (IFMR)
of stellar evolution models (see Salaris et al. 2009 for a detailed study of the
uncertainties). Among other things, this implies that IFMRs cannot be reli-
ably predicted by current stellar evolution models, but instead semi-empirical
IFMRs must be used (together with other observables) to calibrate macro-
physics processes in stars (Miller Bertolami, 2016). In fact, the very existence
of a tight IFMR is not supported by semi-empirical determinations of the
IFMR, which give a significant scatter in the mass of the WD for a given ini-
tial mass (Casewell et al., 2009; Salaris et al., 2009; Cummings et al., 2018).
In addition, as most semi-empirical determinations of the IFMR have been
performed for solar-like metallicities, we currently do not know how IFMRs
depend on metallicity or He content. Uncertainties in the IFMRs and convec-
tive boundary mixing processes of the models impact the chemical profiles of
WD stars of a given mass (see later).
In the simple scenario discussed above, stellar evolution theory usually
predicts the formation of WDs with pure H atmospheres and with a total
H content of about MH ∼ 10
−3 − 10−5M⊙. About 80% of the spectroscopi-
cally identified WDs are characterized by H-rich atmospheres. The remaining
∼ 20% of WDs are characterized by He-dominated atmospheres (spectral types
PG1159, DO, DB, DQ, DZ, DC; see Althaus et al. 2010b). In addition, sys-
tematic spectroscopic and asteroseismological studies of DA stars indicate that
between 15% and 20% of DAs have thin H-envelopes with MH ∼< 10
−6M⊙ (see
9 Ga¨nsicke et al. (2010) discovered two WDs exposing dredged-up, O-rich core material
that could have been produced in the interior of a Super-AGB star. Recently, Kepler et al.
(2016a) identified a WD having an O-dominated atmosphere with traces of Ne and Mg, that
could be the bare core of a Super-AGB star. Finally, another O- and Ne-rich WD but with
a very low mass was discovered by Vennes et al. (2017).
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Tremblay and Bergeron, 2008; Castanheira and Kepler, 2009; Romero et al.,
2012). Both WDs with He-dominated or thin H-envelopes cannot be explained
by the simple picture presented above and more complex evolutionary sce-
narios have been developed to explain their existence. Besides the binary-
evolution channels to be discussed in the next section, some single-evolution
scenarios predict the formation of both He-dominated atmospheres and thin
H envelopes.
D’Antona and Mazzitelli (1990) reviewed several evolutionary channels for
the formation of WDs with low H contents. In particular, thermal pulses during
the post-AGB phase lead in a very natural way to the formation of WDs
with low H contents. Iben (1984) showed that depending on the timing of the
departure from the AGB phase, a last thermal pulse can happen during the
post-AGB evolution. If a late thermal pulse develops when the post-AGB star
is already entering the WD cooling track, then the H-rich envelope will be
ingested by the He-shell flash convective zone, where H will be burnt in the
hot interior of the star (Iben and MacDonald, 1995; Herwig et al., 1999). This
scenario was named a Very Late Thermal Pulse (VLTP) by Blo¨cker (2001).
Although numerical simulations never predict the burning of the complete H
content of the star, it has been argued that whatever the traces of H that
may be left by the VLTP, they will very likely be peeled off by mass loss
during the subsequent giant phase (Werner and Herwig, 2006). While this is a
possibility, it has to be noted that, once the star is back on its giant phase, H
is diluted in the more massive convective envelope of the born again AGB star
(Menv ∼ 10
−3M⋆). The star would need to lose all that mass in order to get rid
of its whole H content. If this is the case, then this scenario will produce a WD
with a H-deficient atmosphere. It should be noted, however, that the study of
Miller Bertolami and Althaus (2007) suggests that the amount of H burned
might depend on the total mass of H remaining in the star at the moment of
the VLTP, and VLTPs in low-mass stars might only burn a small fraction of
the total H content of the star. Consequently, in this case a VLTP will lead
to the formation of DA WDs with very low H contents (MH ∼< 10
−7M⊙, see
Miller Bertolami et al., 2017, and Miller Bertolami et al. 2020, in preparation).
If a thermal pulse happens during the horizontal evolution of the post-AGB
star in the HR diagram, a scenario termed Late Thermal Pulse (LTP) by
Blo¨cker (2001) occurs. Then, the H-rich envelope is not burned but diluted by
the deepening of the convective envelope once the star evolves back to the AGB
after the LTP. As shown by Althaus et al. (2005), the H diluted into the deeper
parts of the envelope is later burned as the H-deficient central star contracts
again to the WD cooling track, leading to the formation of WDs with a low
H-content (MH ∼< 10
−6 − 10−7M⊙). Finally, D’Antona and Mazzitelli (1990)
mentioned that the diffusion-induced nova studied by Iben and MacDonald
(1986) was also a possible channel for the formation of DA WDs with low-H
contents, but the later work by Miller Bertolami et al. (2011) showed that this
scenario does not lead to a significant reduction in the H-content of the future
WD.
Pulsating white dwarfs 11
A few final words of caution on some widespread misconceptions about the
relevance of stellar winds for the formation of WDs with low-H contents are in
order. Although it has been known for many decades that the H content of the
future WD cannot be arbitrarily reduced by winds during the AGB or post-
AGB H-burning phases, (see Schoenberner, 1987, and references therein), some
confusion has arisen in recent works. As already shown by Paczyn´ski (1971), H-
burning post-AGB models have a very tight relationship between the effective
temperature and the envelope mass of the post-AGB object. As a consequence,
and as long as the envelope can be considered in thermal equilibrium, the
location of a H-burning post-AGB remnant on the HR-diagram is independent
of the mass-loss history and only dependent on the value of the envelope mass.
This implies that an enhancement in the post-AGB winds does speed up the
post-AGB evolution but does not reduce the final H-content of the WD; see
Althaus et al. (2015), Miller Bertolami et al. (2017) and Miller Bertolami et
al. (2019). Note, however, that more intense winds in a He-burning post-AGB
object can indeed reduce the final H-content of the WD significantly. Yet, due
to the relatively short duration of the He-burning phase of AGB and post-
AGB models, the star has to undergo a final He-flash at or very close to the
departure from the AGB, and this is only relevant within the late thermal pulse
scenario discussed before. A similar situation holds for winds during the AGB
and the departure from the AGB phase. An enhancement of AGB winds leads
to a shortening of the AGB phase. With less time for the H-free core to grow
during the thermal pulses, enhancing the winds on the AGB leads to a smaller
final mass for the same initial mass. Due to the tight MWD-M
WD
H relation,
this implies that more intense winds on the AGB lead to the formation of
WDs with higher H contents. This is true also when looked at the same value
of the WD mass (MWD). Models of the same final mass but shorter AGB
lifetimes are less compact and luminous and have, consequently, larger post-
AGB envelope masses (Blo¨cker, 1995; Miller Bertolami, 2016). Consequently,
more intense winds on the AGB usually lead to larger H-envelopes for WDs.
In closing, nowadays the LTP and VLTP scenarios are the best explanations
for the formation of WDs with low H-contents in the context of single stellar
evolution.
The internal chemical constitution of WDs is a crucial issue for the de-
termination of the pulsational properties of these stars. In Fig. 2 we show
the chemical structure of a template DA WD model with M⋆ = 0.56M⊙,
Teff ∼ 12000 K, and log(MH/M⋆) ∼ −4, resulting from the evolution of a
single 1 M⊙ progenitor from the ZAMS to the WD phase. We display the
mass fraction of 16O, 12C, 4He, and 1H, as a function of the outer mass co-
ordinate. Note that this coordinate strongly emphasizes the external part of
the WD star. We include a short account of the origin and the uncertainties
playing a role at each part of the chemical structure. The extreme sensitivity
of the pulsation properties of WDs to the details of the chemical structure
links the asteroseismological inferences of pulsating WDs to the physical pro-
cesses that take place during the progenitor’s evolution. However, it has not
been until recently that the impact of the current uncertainties in stellar evo-
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Fig. 2 Internal chemical structure of a typical DA WD model with M⋆ = 0.56M⊙, Teff ∼
12000 K, and H envelope thickness of log(MH/M⋆) ∼ −4, resulting from the complete
evolution of a single 1 M⊙ progenitor from the ZAMS to the WD stage at the ZZ Ceti
instability domain. Plotted is the mass fraction (Xi) of 16O (green line), 12C (blue line),
4He (red line), and 1H (black line), in terms of the outer mass coordinate. We include in
the plot a brief explanation about the origin (up) and the uncertainties (down) of each part
of the internal chemical structure, emphasized with different colors.
lution, both concerning the modeling of physical processes and input physics
of WD progenitors, have begun to be assessed in asteroseismological fits. In
this regard, De Gero´nimo et al. (2017) explored for the first time the impact of
the occurrence of TPs on the AGB in WD progenitors, the uncertainty in the
12C(α, γ)16O cross section, and the occurrence of extra mixing episodes during
core He burning on the expected period spectrum of ZZ Ceti stars10. In this
connection, the mixing and burning processes that take place along the ther-
mally pulsing AGB phase build the chemical stratification of the outer layers
of the CO-core of the emerging WD (Althaus et al., 2010a), in particular the
He- and C-rich inter-shell region that is formed during this stage as a result
of the short-lived He flash convection zone induced by the peak flash (see Fig.
10 Previous efforts to constrain the 12C(α, γ)16O reaction rate using WD asteroseismology
have been done using DBVs (see, e.g., Metcalfe, 2003, and references therein).
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2). The mass of this inter-shell, as well as the mass of the total He-content of
the WD, depend on both the occurrence of overshooting (OV) during the He
flash and the number of thermal pulses. In turn, the number of thermal pulses
is determined by the initial mass, chemical composition and by the poorly
constrained efficiency of mass loss (Karakas and Lattanzio, 2014). As we will
discuss, the shape of the chemical profiles left by evolution during the ther-
mally pulsing AGB phase markedly impacts the g-mode pulsational periods,
as shown in De Gero´nimo et al. (2017), who also concluded that the occur-
rence or not of the TP-AGB phase during the evolution of the WD progenitor
constitutes a relevant issue that has to be taken into account in seismological
period fits of these stars. As mentioned, despite the fact that the occurrence of
the TP-AGB phase is expected for most of single WD progenitors, it is not dis-
carded that some WDs could have evolved from progenitor stars that avoided
this phase. In fact, it is well known that low-mass He-burning stars located
at the extreme horizontal branch, and thus characterized by extremely thin H
envelopes (Faulkner, 1972), evolve directly to the WD stage, avoiding the AGB
(the AGB-Manque´ and post early AGB stars; see Caloi, 1989; Brocato et al.,
1990; Greggio and Renzini, 1990). In line with this, recent evidence suggests
that most He rich stars of the globular cluster NGC2808 do not reach the AGB
phase, evolving directly to the WD state after the end of the He core burning
(Marino et al., 2017). In addition, departure from the AGB before reaching the
TP-AGB phase as a result of mass transfer by binary interaction (Han et al.,
2000) or envelope ejection by the swallowing of a planet or a very low mass
companion (De Marco and Soker, 2002) is also possible. Accordingly, major
differences in the chemical structure of the outermost layers of WDs should be
expected depending on whether the progenitor stars evolved through the ther-
mal pulses on the AGB or not, with consequences for the expected pulsational
properties of pulsating WDs.
2.2 Binary evolution
In a binary system, if the binary orbit is wide enough, the individual stars are
not affected by the presence of a companion, so single stellar evolution theory is
enough to describe their evolution (see previous section). However, if the stars
become close, they can interact, with severe consequences for their evolution.
Interaction can happen by tidal forces, by stellar winds, or by mass transfer and
accretion. If either star fills its Roche lobe, then gas flows from the outer layers
of that star into the Roche lobe of the companion star. Some or all of this gas
may be captured by the companion star so that mass transfer occurs. When the
star filling the Roche lobe is a giant that has a convective envelope, and when
the donor star is significantly more massive than its companion, the transferred
mass may not be accreted by the companion, leading to the formation of a
common envelope (CE) surrounding both stars. The outcome of CE evolution
is still not fully understood (Ivanova et al., 2013; Nandez and Ivanova, 2016),
but possible outcomes involve the formation of a closer binary or a stellar
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merger. If the system is left in a very close binary configuration, then the
radiation of gravitational waves will further shrink the orbits leading to a
stellar merger.
The stable Roche lobe overflow channel (RLOF) is of particular interest
for the formation of He-core WDs. In fact, due to the very long lifetimes on
the main sequence, low-mass He-core WDs cannot be formed within single
stellar evolution. For this reason, the most accepted channel for the formation
of these stars involves one, or more, phases of mass transfer. In particular, if a
low-mass star fills its Roche lobe during the RGB, the H-rich envelope can be
stripped before the He-core becomes massive (and hot) enough to ignite He.
As a consequence, once all but a thin H-rich envelope is stripped from the star,
it cannot support its giant configuration anymore, and contracts to become a
He-core WD (Althaus et al., 2013; Istrate et al., 2016b).
The coalescence of two stars within a common envelope evolution or in a
tight close binary system after a common envelope event has been proposed to
explain the properties of isolated WD stars. In particular, the merger of two
WDs may give rise to Type Ia Supernovae and to a variety of objects such as
Hot-subdwarf (sdO/sdB spectral types) stars and R CrB stars that will finally
evolve into WDs (Dan et al., 2014). The WDs formed by these channels might
harbor CO or ONe cores with either H-rich or H-deficient atmospheres.
3 Asteroseismology of pulsating WDs and pre-WDs
3.1 Recent observational achievements
As shown in Table 1 and Fig. 1, at present there are eight families of pulsating
WDs and pre-WDs, although two of those categories (hot DAVs and DQVs)
need to be confirmed as such. Here, we describe the new observational findings
in the field of these pulsating degenerate stars.
In the last decade, there have been numerous discoveries of pulsating
WD stars, both from the ground and from space. Ground-based observations,
mainly with the spectral observations of the Sloan Digital Sky Survey (SDSS;
York et al., 2000), have increased the number of known WDs by a factor of 15
(Kleinman et al., 2013; Kepler et al., 2016b, 2019; Kepler and Romero, 2017;
Gentile Fusillo et al., 2019) and the number of pulsators by a factor of 4,
starting with Mukadam et al. (2004); Mullally et al. (2005); Castanheira et al.
(2006); Voss et al. (2007); Nitta et al. (2009); Castanheira et al. (2013). In Ta-
bles 2 to 5 we present the list of ZZ Ceti stars known at the time of writing this
review (March 2019), along with their effective temperatures, surface gravities,
and magnitudes. The determinations of log g and Teff from the spectra, when
available, were taken from the literature, mainly Gianninas et al. (2011) and
Kepler et al. (2019), with 3D corrections (following Tremblay et al., 2013b)
applied.
Very recently, 36 new DAVs have been discovered by Rowan et al. (2019),
but for most of them their spectroscopically determined gravities and effec-
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Table 2 ZZ Ceti stars and their effective temperatures, surface gravities and magnitudes.
The Teff and log g values have been corrected to 3D model atmosphere values. The letter
in parentheses in the fourth column corresponds to the filter of the magnitude. Specifically,
“g” is SDSS g magnitude and “GG” is Gaia G magnitude.
Name Teff (K) log g Magnitude
SDSS J000006.75−004654.0 10620 8.18 18.8 (g)
SDSS J001836.11+003151.1 11530 8.04 17.4 (g)
MCT 0016−2553 11060 8.06 15.9 (GG)
HE 0031−5525 11662 7.71 15.7 (g)
G 132−12 12480 8.00 16.3 (g)
SDSS J004345.78+005549.9 12130 8.14 18.7 (g)
LAMOST J004628.31+343319.9 11681 7.53 16.3 (g)
SDSS J004855.17+152148.7 11280 8.17 18.7 (g)
SDSS J005208.42−005134.6 12300 8.46 17.7 (g)
SDSS J010207.17−003259.4 10850 8.18 18.0 (g)
EPIC 220274129 11810 8.03 16.7 (g)
LAMOST J010302.46+433756.2 11750 7.89 18.3 (g)
BPM 30551 11240 8.16 15.4 (g)
SDSS J011100.63+001807.2 11490 8.08 18.8 (g)
SDSS J011123.89+000935.3 12321 7.50 17.8 (g)
SDSS J012234.68+003025.8 11650 7.94 16.8 (g)
SDSS J012950.44−101842.0 12043 8.03 18.4 (g)
LAMOST J013033.90+273757.9 14127 7.69 18.5 (g)
SDSS J013440.94−010902.3 10260 7.82 18.1 (g)
Ross 548 12300 8.03 14.3 (g)
MCT 0145−2211 11850 8.15 14.9 (GG)
SDSS J020351.28+004025.1 10794 8.17 19.4 (g)
HS 0210+3302 12176 7.38 16.7 (g)
SDSS J021406.78−082318.4 11580 7.86 17.9 (g)
HS 0235+0655 11008 7.56 16.5 (g)
SDSS J024922.35−010006.7 11030 8.19 18.8 (g)
KUV 02464+3239 11620 8.13 16.0 (g)
SDSS J030153.81+054020.0 11139 8.02 18.1 (g)
SDSS J030325.22−080834.9 11260 8.40 18.8 (g)
SDSS J031847.09+003029.9 11150 8.18 17.8 (g)
SDSS J033236.61−004918. 10940 8.05 18.2 (g)
BPM 31594 11500 8.05 15.1 (GG)
KUV 03442+0719 10870 7.78 16.6 (g)
HE 0344−1207 11497 7.91 16.0 (g)
SDSS J034939.35+103649.9 11896 8.21 16.6 (g)
EPIC 210377280 11590 7.94 18.5 (g)
HL Tau76 11470 7.92 15.0 (g)
G 38−29 11160 7.89 15.6 (g)
G 191−16 11440 8.04 15.9 (g)
LP 119−10 11342 8.085 15.2 (g)
HS 0507+0435 12010 8.19 15.3 (g)
GD 66 12210 8.10 15.5 (g)
HE 0532−5605 11510 8.42 15.9 (GG)
LAMOST J062159.49+252335.9 11728 8.25 17.5 (g)
HS 0733+4119 11049 8.01 15.8 (g)
SDSS J075617.54+202010.2 11830 8.13 18.3 (g)
SDSS J081531.75+443710.3 11840 8.21 19.3 (g)
SDSS J081828.98+313153.0 11820 8.13 17.4 (g)
SDSS J082429.01+172345.4 11433 8.21 18.3 (g)
SDSS J082518.86+032927.8 12120 8.15 17.5 (g)
SDSS J082547.00+411900.0 11510 8.37 18.5 (g)
SDSS J083203.98+142942.3 11643 7.99 18.9 (g)
KUV 08368+4026 12010 8.13 15.6 (g)
SDSS J084054.14+145709.0 10862 7.89 18.3 (g)
SDSS J084021.23+522217.4 12160 8.93 18.2 (g)
SDSS J084220.73+370701.7 11620 7.88 18.8 (g)
SDSS J084314.05+043131.6 11220 8.09 17.8 (g)
SDSS J084746.82+451006.3 11690 8.12 18.3 (g)
SDSS J085128.17+060551.1 11300 8.05 16.8 (g)
SDSS J085325.55+000514.2 11950 8.15 18.2 (g)
SDSS J085507.29+063540.9 10970 8.22 17.2 (g)
SDSS J085648.33+185804.9 11896 8.09 18.9 (g)
SDSS J090041.08+190714.3 11849 8.05 17.6 (g)
GD 99 12110 8.20 14.5 (g)
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Table 3 ZZ Ceti stars (continuation of Table 2).
Name Teff (K) log g Magnitude
SDSS J090231.76+183554.9 11191 7.89 19.4 (g)
SDSS J090624.26−002428.2 11260 8.07 17.7 (g)
SDSS J091118.42+031045.1 11630 8.14 18.4 (g)
SDSS J091312.74+403628.7 11850 8.09 17.6 (g)
SDSS J091635.07+385546.2 11320 8.04 16.6 (g)
SDSS J091731.00+092638.1 11340 8.09 18.1 (g)
SDSS J092329.81+012020.0 11190 8.38 18.3 (g)
G 117−B15A 12420 8.12 15.5 (g)
SDSS J092511.60+050932.4 10830 8.21 15.2 (g)
SDSS J093944.89+560940.2 11690 8.29 18.7 (g)
SDSS J094000.27+005207.1 10590 8.34 18.1 (g)
SDSS J094213.13+573342.5 11360 8.12 17.4 (g)
SDSS J094917.04−000023.6 11130 8.21 18.8 (g)
HS 0951+1312 12010 8.05 16.5 (g)
HS 0952+1816 11390 8.11 16.3 (g)
SDSS J095833.13+013049.3 11730 8.08 16.7 (g)
SDSS J095936.96+023828.4 11830 8.06 18.1 (g)
SDSS J100238.58+581835.9 11440 8.11 18.3 (g)
SDSS J100718.26+524519.8 11390 8.12 18.9 (g)
SDSS J101519.65+595430.5 11440 8.06 18.0 (g)
SDSS J101540.14+234047.4 11320 8.44 18.6 (g)
SDSS J101548.01+030648.4 11630 8.12 15.7 (g)
HS 1039+4112 11730 8.12 16.1 (g)
SDSS J104358.59+060320.9 11173 8.19 18.7 (g)
WD 1047+335 11310 8.09 16.5 (g)
SDSS J105449.87+530759.1 10960 7.96 17.9 (g)
SDSS J105612.32−000621.7 11130 7.91 17.5 (g)
SDSS J110525.70−161328.3 11857 8.06 17.5 (g)
SDSS J110623.40+011520.8 10920 7.90 18.4 (g)
GD 133 12430 8.10 14.6 (g)
SDSS J112221.10+035822.4 11030 7.91 18.2 (g)
SDSS J112542.84+034506.3 11600 7.95 18.1 (g)
SDSS J111710.54-125540.9 11302 8.29 19.6 (g)
EC 11266−2217 12010 8.08 16.4 (g)
SDSS J113604.01−013658.1 11780 8.05 17.8 (g)
SDSS J113655.17+040952.6 12330 7.99 17.0 (g)
KUV 11370+4222 11940 8.17 16.5 (g)
PG 1149+057 11060 8.06 15.0 (g)
EC 11507−1519 12440 8.20 16.0 (g)
SDSS J115707.43+055303.6 11040 8.04 17.6 (g)
SDSS J120054.55−025107.0 11970 8.24 18.2 (g)
G 255−2 11440 8.14 16.0 (g)
SDSS J121628.55+092246.4 11240 8.25 18.6 (g)
WD J1218+0042 11170 8.06 18.5 (g)
SDSS J122229.57−024332.5 11380 8.19 16.7 (g)
BPM 37093 11620 8.69 13.8 (GG)
SDSS 124949.36+304828.1 12127 8.299 18.0 (g)
HS 1249+0426 12160 8.21 16.0 (g)
SDSS J125535.41+021116.0 11580 8.15 19.1 (g)
SDSS J125710.50+012422.9 11490 8.30 18.6 (g)
HE 1258+0123 11420 8.02 16.4 (g)
GD 154 11120 8.07 15.3 (g)
WD 1310−0159 10940 7.76 17.7 (g)
SDSS J132350.28+010304.2 11380 8.45 18.5 (g)
WD J1337+0104 11460 8.64 18.6 (g)
SDSS J133831.74−002328.0 11900 8.07 17.1 (g)
EPIC 229227292 11190 8.02 16.7 (g)
SDSS J134550.93−005536.5 11760 8.10 16.7 (g)
LP 133−144 12150 7.97 15.7 (g)
G 238−53 12130 7.97 15.5 (g)
SDSS J135459.89+010819.3 11650 8.03 16.4 (g)
SDSS J135531.03+545404.5 11480 7.93 18.6 (g)
EC 14012−1446 12020 8.18 15.7 (g)
SDSS J140859.46+044554.7 10920 7.99 17.9 (g)
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Table 4 ZZ Ceti stars (continuation of Table 2).
Name Teff (K) log g Magnitude
GD 165 12220 8.11 14.3 (g)
HE 1429−0343 11290 8.00 16.0 (g)
L 19−2 12070 8.13 13.4 (GG)
SDSS J144330.93+013405.8 10450 7.85 18.7 (g)
SDSS J150207.02−000147.1 11090 7.75 18.7 (g)
WD 1526+558 10860 7.73 17.1 (g)
HS 1531+7436 13270 8.49 16.5 (g)
SDSS J153332.96−020655.7 11390 8.04 16.4 (g)
PG 1541+650 11560 8.12 15.6 (g)
SDSS J155438.35+241032.6 11470 8.49 17.5 (g)
Ross 808 11120 7.98 14.4 (g)
WD 1607+205 11140 7.81 17.3 (g)
SDSS J161218.08+083028.1 12250 8.29 17.8 (g)
SDSS J161737.63+432443.8 11070 8.07 18.4 (g)
SDSS J161837.25−002302.7 10292 7.97 19.3 (g)
HS 1625+1231 11690 8.06 16.1 (g)
SDSS J164115.61+352140.6 12025 8.34 19.0 (g)
G 226−29 12510 8.35 12.2 (g)
SDSS J165020.53+301021.2 10830 8.43 18.1 (g)
GD 518 11760 8.97 17.3 (g)
SDSS J170055.38+354951.1 11230 7.94 17.3 (g)
SDSS J171113.01+654158.3 11130 8.47 16.9 (g)
BPM 24754 10840 7.93 16.2 (GG)
SDSS J172428.42+583539.0 11640 7.88 17.6 (g)
SDSS J173235.19+590533.4 10770 7.97 18.7 (g)
HS 1824+6000 11520 7.73 16.1 (g)
G 207−9 12080 8.37 14.6 (g)
KIC 7594781 11730 8.11 18.6 (g)
KIC 10132702 11940 8.12 18.8 (g)
KIC 4552982 10860 8.16 17.8 (g)
KIC 4357037 10950 8.11 18.2 (g)
KIC 8293193 12650 8.01 18.4 (g)
KIC 11911480 12160 7.94 18.1 (g)
KIC 4362927 11140 7.84 19.4 (g)
G 185−32 12470 8.10 13.0 (g)
KIC 9162396 11070 8.06 18.5 (g)
KIC 7766212 11890 8.01 16.8 (g)
KIS J1945+4455 11590 8.04 17.2 (g)
GD 385 11820 8.07 15.1 (g)
GD 226 10730 8.06 16.4 (g)
SDSS J202857.52+771054.5 11940 8.38 19.0 (g)
WD 2102+233 11712 8.28 15.9 (g)
SDSS J212808.49−000750.8 11420 8.24 18.0 (g)
SDSS J213530.32−074330.7 10900 7.96 18.7 (g)
SDSS J214723.73−001358.4 12098 7.93 19.0 (g)
G 232−38 11590 8.02 16.8 (g)
WD 2148−291 11490 8.06 16.0 (g)
SDSS J215354.11−073121.9 11910 8.27 18.7 (g)
SDSS J215628.26−004617.2 10680 8.01 18.3 (g)
SDSS J215905.52+132255.7 11370 8.69 18.9 (g)
SDSS J220830.02+065448.7 11147 8.25 17.9 (g)
SDSS J220831.42+205909.66 11776 8.77 17.47 (g)
SDSS J220915.84−091942.5 11630 8.49 18.4 (g)
SDSS J221458.37−002511.7 11650 8.30 17.9 (g)
SDSS J223135.71+134652.8 11060 7.89 18.7 (g)
SDSS J223726.86−010110.9 11380 7.97 18.9 (g)
GD 244 11760 8.09 15.7 (g)
PG 2303+242 11500 8.07 15.3 (g)
SDSS J230726.66−084700.3 10970 8.21 18.9 (g)
SDSS J231934.52+515316.4 11435 8.45 19.37 (g)
G 29−38 11910 8.17 13.3 (g)
SDSS J233458.71+010303.1 11104 8.16 19.2 (g)
GD 1212 10970 8.03 13.3 (g)
G 30−20 11150 8.01 16.1 (g)
SDSS J235040.72−005430.9 10290 8.14 18.1 (g)
EC 23487−2424 11560 8.09 15.3 (g)
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Table 5 ZZ Ceti stars (continuation of Table 2).
Name Teff (K) log g Magnitude
LAMOST J004628.31+343319.9 11681 7.53 16.3 (g)
LAMOST J062159.49+252335.9 11728 8.25 17.6 (g)
LAMOST J010302.46+433756.2 11750 7.89 18.3 (g)
LAMOST J013033.90+273757.9 14127 7.69 18.6 (g)
KIC 4357037 12650 8.01 18.2 (g)
KIC 4552982 10950 8.11 17.7 (g)
KIC 7594781 11730 8.11 18.1 (g)
KIC 10132702 11940 8.12 19.0 (g)
KIC 11911480 11580 7.96 18.0 (g)
KIC 60017836 10980 8.00 13.3 (g)
EPIC 201355934 11770 7.97 17.8 (g)
EPIC 201719578 11070 7.94 18.1 (g)
EPIC 201730811 12480 7.96 17.1 (g)
EPIC 201802933 12330 8.11 17.6 (g)
EPIC 201806008 10910 8.02 14.9 (g)
EPIC 206212611 10830 8.00 17.3 (g)
EPIC 210397465 11200 7.71 17.6 (g)
EPIC 211596649 11600 7.91 18.9 (g)
EPIC 211629697 10600 7.77 18.3 (g)
EPIC 211914185 13590 8.43 18.8 (g)
EPIC 211916160 11510 7.96 18.9 (g)
EPIC 211926430 11420 7.98 17.6 (g)
EPIC 228682478 12070 8.18 18.2 (g)
EPIC 229227292 11210 8.03 16.6 (g)
EPIC 229228364 11030 8.03 17.8 (g)
EPIC 220204626 11620 8.17 18.4 (g)
EPIC 220258806 12800 8.09 16.2 (g)
EPIC 220347759 12770 8.08 17.6 (g)
EPIC 220453225 11220 8.04 17.9
EPIC 229228478 12500 7.93 16.9 (g)
EPIC 229228480 12450 8.18 18.8 (g)
SDSS J002945.75+144214.9 11310 7.95 18.20 (GG)
SDSS J002959.14+145814.2 10589** 7.89 17.49 (GG)
WD J003116.51+474828.39 10444** 8.04 18.36 (GG)
SDSS J004154.66−030802.5 10936** 8.36 18.07 (GG)
SDSS J010025.55+421840.9 · · · · · · 16.58 (GG)
SDSS J010528.74+020501.1 · · · · · · 16.73 (GG)
SDSS J010539.14+321846.6 10737** 8.08 18.07 (GG)
KUV 01595−1109 11062 8.14 16.89 (GG)
SDSS J022941.29−063842.7 9791** 7.24 18.23 (GG)
WD J030648.49−172332.19 · · · · · · 16.70 (GG)
WD J053212.77−432006.05 · · · · · · 18.19 (GG)
SDSS J080609.19+111231.4 10987** 7.90 18.11 (GG)
SDSS J084055.71+130329.4 · · · · · · 17.22 (GG)
SDSS J084652.93+442638.6 11565 8.06 18.19 (GG)
SDSS J093250.56+554315.4 · · · · · · 17.69 (GG)
SDSS J094851.43+512448.0 10252 7.80 18.57 (GG)
SDSS J103642.25+211527.9 11329 8.27 17.60 (GG)
CBS 130 11309 8.09 16.56 (GG)
SDSS J110505.94+583103.0 11256** 8.01 17.94 (GG)
WD J115057.43−055306.58 9611** 7.38 17.44 (GG)
SDSS J120309.16+454520.3 11077 8.01 18.57 (GG)
SDSS J122155.79+050622.7 11720** 7.00 17.90 (GG)
SDSS J124759.03+110703.0 · · · · · · 19.35 (GG)
SDSS J124804.03+282103.8 10987** 7.83 18.04 (GG)
WD 1452+600 10962** 7.91 17.18 (GG)
SDSS J150626.18+063845.9 · · · · · · 16.60 (GG)
SDSS J150739.34+074828.5 10540** 7.81 18.21 (GG)
SDSS J162724.67+392026.3 · · · · · · 16.23 (GG)
SDSS J173351.49+341012.5 · · · · · · 16.35 (GG)
WD J202838.13−060842.11 · · · · · · 15.22 (GG)
WD J204127.11−041724.22 11114** 8.34 18.31 (GG)
WD J212402.03−600100.05 · · · · · · 17.97 (GG)
SDSS J215321.77+044020.0 10936** 8.06 18.19 (GG)
SDSS J231536.88+192449.0 10540** 7.85 17.99 (GG)
WD J231641.17−315352.74 11720** 8.08 18.29 (GG)
SDSS J235010.36+201914.0 10786** 7.86 17.41 (GG)
**Photometric determination only, with large uncertainty.
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tive temperatures are not available yet. When only colors were available, they
were used as in Kepler et al. (2019). For ZZ Cetis, the discovery of the rare
ultra-massive pulsators, which started with BPM 37093 with M⋆ ∼ 1.1 M⊙
(Kanaan et al., 1992), includes GD 518, with M⋆ ∼ 1.24 M⊙ (Hermes et al.,
2013a), and SDSS J084021.23+522217.4 (Curd et al., 2017), withM⋆ ∼ 1.16M⊙,
opened the study of crystallized WDs. In addition, WD J212402.03−600100.0
is another possible ultra-massive DAV star (M⋆ ∼ 1.16M⊙; see Rowan et al.,
2019). New theoretical work about ultra-massive ZZ Cetis will be introduced
in Sect. 3.3. On the other hand, the 3D convection studies of Tremblay et al.
(2013a, 2015) have converged the determination of temperatures and gravities
using different mixing length models, which had plagued prior studies of the
location of the ZZ Ceti instability strip.
Despite numerous discoveries of pulsatingWDs —and notwithstanding sev-
eral successful asteroseismological studies carried out in the last decade, see
Sect. 3.2— the discovery of new pulsators has not led to asteroseismological
solutions for most of them, because the available discovery data in general
covers only a few hours of time series photometry, which allows only for the
determination of the dominant period, or worse, just the beat period. The need
of detecting a large number of pulsation periods to allow the determination
of the internal structure of stars can be traced back to Legendre (1806) and
Gauss (1809), who demonstrated that the best way to find an unknown pa-
rameter is to minimize the sum of the square of the residuals. Laplace (1810)
presented the generalization of least squares fits for multiple parameters and
defined the uncertainty as σ2 = SN−k =
∑
N
i=1
(P o
i
−Pi)
2
N−k , where N is the number
of measurements and k the number of fit parameters, so if k ≥ N , the un-
certainty is infinite. S decreases when k increases, but when a term is added
in a fit, it has to be tested if the decrease in S is significant. The confidence
level at which we can rule out the null hypothesis can be calculated through
the Fisher F -distribution, as shown for example by Pringle (1975). However,
in some cases it is possible to constrain the structure of a pulsating WD with
a few observed periods, i.e., when the number of observed periods is less than
the number of parameters that define the stellar models (Giammichele et al.,
2017a,b). This would be connected to the individual properties of the modes
—illustrated in particular by their weight functions, which reflect the shape of
the eigenfunctions of the modes— and the differential information contained in
the distribution of these modes relative to each other. This is a very interesting
aspect that deserves to be investigated in more detail.
With the aim of detecting a large number of pulsation periods, Nather et al.
(1990) established the Whole Earth Telescope (WET). The studies byWinget et al.
(1991) for PG1159−035 —the prototypical GW Vir star— and Winget et al.
(1994) for GD 358 (V777 Her) —the brightest (mV = 13.7) and best studied
He-atmosphere WD pulsator— are excellent examples of the wealth of infor-
mation that can be extracted from pulsating WDs from long, nearly uninter-
rupted data sets. As a more recent example of this, Bischoff-Kim et al. (2019)
presented the results of three decades of observations of GD 358, which allowed
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the detection of 15 independent (13 consecutive) ℓ = 1 pulsation modes. They
also showed that the frequencies and amplitudes of these modes change with
time.
The pulsation periods of WDs vary as a consequence of the evolution of
these stars, giving place to a detectable rate of period change. The estimate
of the rate of period change for pulsating WDs, a direct measurement of their
evolutionary time scale (Winget et al., 1983), has progressed slowly because
it demands huge observational time (Kepler et al., 2005; Costa and Kepler,
2008; Sullivan and Chote, 2015; Mukadam et al., 2013; Hermes et al., 2013c).
Some recent applications of the rate of period change in ZZ Ceti stars to derive
constraints on fundamental particles is presented in Sect. 3.9. On the other
hand, the first ZZ Ceti in a detached WD with a main sequence star was
discovered by Pyrzas et al. (2015). Cool ZZ Cetis, near the red edge of the
instability strip, show long pulsation periods, and those observed —i.e., with
significant amplitude— in general change with time. Bogna´r et al. (2018b)
detected 14 frequencies for HS 0733+4119, of which 8 are independent modes;
for GD 154, 17 frequencies, with 4 independent modes, and for R808, the 28
frequencies discussed in Thompson et al. (2009) and 2 new ones.
For DBVs, the progress has been slower than for ZZ Cetis, first because
the number of He atmosphere WDs is smaller, and also because the DBVs
are hotter, and therefore evolve through the instability strip faster, but also
because the uncertainty in the temperature estimate is much larger for DBs,
in part caused by the H contamination in the atmosphere. With the con-
sistent determination of the atmospheric parameters by Koester and Kepler
(2015), the group led by Vanderbosch et al. (2018) increased the number of
known DBV pulsators from 23 to 46, but their results are not yet published.
Hermes et al. (2017b) discovered pulsations in the hot (Teff ∼ 32 000 K) DB
PG 0112+104, expanding the DBV instability strip. In Table 6 we list the
V777 Her stars known at the time of writing this review, along with their Teff ,
log g, and magnitudes. There are 4 new additional DBV stars discovered by
Rowan et al. (2019) for which the effective temperatures and gravities have
not been assessed yet.
The Kepler satellite observations, both main mission (Borucki et al., 2010)
and K2 (two-wheel operation, Howell et al., 2014), increased the number of
known WD pulsators by a factor of 2 (Hermes et al., 2017a), until it ran out
of fuel by October 2018. It had 42 2200×1024 pixel charge coupled devices
(CCD) to measure the stellar brightness variations. Due to data storage and
downloading limitations, only 512 stars were observed in short cadence mode
— 58.85 s exposures — at each quarter, while the remaining observations were
co-added on chip to 29.42 minutes long-cadence exposures (Gilliland et al.,
2010). The extended time span of observations —at least 3 months for the
main mission and around 80 days for each K2 cycle— allowed the determina-
tion of dozens of pulsation periods and the determination of rotation periods
for different modes. In addition, the nearly continuous light curves eliminated
spectral leakage in the Fourier Transforms (FTs), making period identifica-
tion relatively easy. When launched, there were no known pulsating WDs in
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Table 6 V777 Her stars and their effective temperatures, surface gravities, and magnitudes.
The Teff and log g values have been derived using 3D model atmospheres (Cukanovaite et al.,
2018). The letter in parentheses in the fourth column corresponds to the filter of the mag-
nitude. Specifically, “g” is SDSS g magnitude and “GG” is Gaia G magnitude.
Name Teff (K) log g Magnitude
KUV 05134+2605 24680 8.21 16.70 (g)
CBS 114 26050 7.98 17.50 (g)
PG 1115+158 23770 7.91 16.61 (g)
PG 1351+489 26010 7.91 16.52 (g)
PG 1456+103 24080 7.91 16.24 (g)
GD 358 24940 7.75 13.47 (g)
PG 1654+160 29410 7.97 16.40 (g)
PG 2246+121 27070 7.92 16.54 (g)
EC 20058−5234 25500 8.01 15.58 (g)
SDSS J034153.03−054905.8 25087 8.02 18.25 (g)
SDSS J085202.44+213036.5 25846 8.02 18.23 (g)
SDSS J094749.40+015501.8 23453 8.13 19.95 (g)
SDSS J104318.45+415412.5 26291 7.77 18.95 (g)
SDSS J122314.25+435009.1 23442 7.84 18.98 (g)
SDSS J125759.03−021313.3 25820 7.57 19.16 (g)
SDSS J130516.51+405640.8 24080 8.14 17.46 (g)
SDSS J130742.43+622956.8 23841 8.14 18.82 (g)
SDSS J140814.63+003838.9 26073 7.98 19.19 (g)
PG 0112+104 31300 7.8 15.21 (g)
EC 04207−4748 25970 7.79 15.25 (GG)
EC 01585−1600 25500 7.88 14.40 (g)
WD J192904.6+444708 28480 7.89 18.38 (g)
EC 05221−4725 27900 7.78 16.72 (GG)
SDSS J102106.69+082724.8 21629 7.96 17.82 (GG)
WD J025121.71-125244.85 16567** 7.63 18.23 (GG)
SDSS J123654.96+170918.7 17673** 7.51 18.17 (GG)
SDSS J132952.64+392150.5 20203** 7.98 18.01 (GG)
**Photometric determination only, with large uncertainty.
the Kepler field, and due to the telescope’s relatively small 1.4 meter pri-
mary mirror and fixed field of 10 deg×10 deg, it took a large effort from the
WD community to find pulsating WD candidates that could be observed in
the limited number of targets in short cadence mode (Østensen et al., 2010,
2011a,b; Hermes et al., 2011; Greiss et al., 2016). An important aspect to be
mentioned is the ability of Kepler to detect Nyquist-aliased pulsation signals,
and the possibility to recover accurate pulsation periods to a precision similar
to that of the K2 mode with the help of ground-based data (Bell et al., 2017c).
The long quasi-continuous observations of the Kepler satellite led to the
unexpected discovery of outbursts in the WD pulsations by Bell et al. (2015),
bringing another dimension to pulsation studies (Hermes et al., 2015; Bell et al.,
2016; Hermes et al., 2017a; Bell et al., 2017b), probably caused by resonant
mode coupling of the pulsations (Luan and Goldreich, 2018, see Sect. 3.5).
Still another benefit from the long quasi-continuous data was the possibility
to estimate, for the first time, the natural width of the pulsation mode peaks
(related to the stability) and show that some modes are less stable than others.
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This had been hinted at from the WET observations of GD 358 (Kepler et al.,
2003) and PG 1159−035 itself (Costa et al., 2008), but now shown in detail
(Hermes et al., 2017b). One of the major observational results from the Ke-
pler mission and its K2 extension is the discovery of a dichotomy of mode
widths: low-frequency modes with periods greater than roughly 800 s are gen-
erally incoherent over the length of observations, while higher-frequency modes
are observed to be much more stable in phase and amplitude (Hermes et al.,
2017a). Another example from space data is the K2 Campaign 10 on the GW
Vir star PG 1159−035, with almost 50 days of coverage, showing at least 189
frequencies, and strong nonlinear effects throughout the observations. Finally,
we mention the interesting finding of amplitude and frequency variations of the
components of the triplets of frequencies caused by stellar rotation in the DBV
star KIC 08626021 by Zong et al. (2016b). The observed modulations of the
frequencies of this star are the clearest hints of nonlinear resonant couplings
occurring in WDs stars identified so far. Resonant mode coupling signals have
been also detected in the pulsating sdB star KIC 10139564 observed with the
Kepler satellite (Zong et al., 2016a). These findings open a new window on the
study of non-linear theory of stellar pulsations.
The successor ofKepler is the Transiting Exoplanet Survey Satellite (TESS,
Ricker et al., 2015), composed of four 10.5 cm entrance pupil 24 deg×24 deg
cameras, with 2 minute cadence for guest observer mode, lasting at least 27
days. It will observe the 200 000 brightest stars in 85% of the whole sky in
two years. WD observations are limited because of their faintness. The main
effort to get most of the brightest (V < 16) known WDs (and hot subdwarfs)
observed within the TESS Asteroseismic Science Consortium (TASC) reserved
2-minute cadence slots has been coordinated by the TASC WG811. Indepen-
dent efforts to find new pulsators among the bright targets in the WG8 lists
have also been done. As an example of this, Bogna´r et al. (2018a) started
looking for target WDs and there are a few WD pulsators down to V = 16.3
already observed starting September 2018. There are no exclusive use data
rights on TESS data, and the light curves are accessed through the Mikulski
Archive for Space Telescopes (MAST), similar to the Kepler and K2 mission
data.
The discovery of pulsations in ELMs (Hermes et al., 2012) and pre-ELMs
(Maxted et al., 2014b) (see Sect. 3.6), and even Blue Large-Amplitude Pul-
sators (BLAPs, Pietrukowicz et al., 2017, see Sect. 3.7), is another chapter
on the asteroseismological study of the by-products of binary interactions. DA
WD stars with massesM⋆ ≤ 0.45M⊙ and Teff < 20 000 K are Low Mass (LM)
WDs, and ifM⋆ ∼< 0.18−0.20M⊙ they are called Extremely Low Mass (ELM)
WDs. They have been found by Kilic et al. (2011), Brown et al. (2010, 2012,
2013, 2016), and Gianninas et al. (2014, 2015). Hermes et al. (2012, 2013d,b);
Kilic et al. (2015, 2018); Bell et al. (2017a, 2018); Pelisoli et al. (2018b, 2019)
found pulsations in eleven of these ELMs, similar to the g-mode pulsations
seen in DAVs (Van Grootel et al., 2013), although with much longer periods.
11 Working Group 8: Evolved compact stars with TESS (https://tasoc.dk/wg8/).
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Maxted et al. (2014a) found 17 pre-ELMs, i.e., He–core WD precursors, and
Maxted et al. (2013, 2014b) and Gianninas et al. (2016) report pulsations in
five of them. In Tables 7 and 8 we show the list of ELMVs and pre-ELMVs,
respectively, detected at the time of writing this review.
Table 7 ELMV stars and their effective temperatures, surface gravities, magnitudes, and
period ranges. The Teff and log g values have been derived using 3D model atmospheres.
The letter in parentheses in the fourth column corresponds to the filter of the magnitude.
Name Teff log g Magnitude Period range
[K] [cgs] [s]
SDSS J184037.78+642312.3 9100 6.22 18.91 (g) 2094 − 4890
SDSS J111215.82+111745.0 9590 6.36 16.35 (g) 108− 2855
SDSS J151826.68+065813.2 9900 6.80 17.54 (g) 1335 − 3848
SDSS J161412.28+191219.4(*) 8880 6.66 16.40 (g) 1184 − 1263
SDSS J222859.93+362359.6(*) 7870 6.03 16.83 (g) 3254 − 6235
PSR J173853.96+033310.8 9130 6.55 21.3 (V) 1788 − 4980
SDSS J161831.69+385415.2 9144 6.83 19.84 (g) 5000 − 6100
SDSS J173521.69+213440.6(*) 7940 5.76 16.12 (g) 3363 − 4961
SDSS J213907.42+222708.9(*) 7990 5.93 15.92 (g) 2119 − 3303
SDSS J134336.44+082639.4 8100 5.97 16.27 (g) 3600
SDSS J222009.74-092709.9(*) 8230 6.10 15.84 (g) 2169 − 3591
(*) Probably not binary.
Table 8 Pre-ELMV stars and their effective temperatures, surface gravities, magnitudes,
and period ranges. The letter in parentheses in the fourth column corresponds to the filter
of the magnitude.
Star Teff log g Magnitude Period range
[K] [cgs] [s]
SDSS J115734.46+054645.6 11 870 4.81 19.9 (g) 364
SDSS J075610.71+670424.7 11 640 4.90 16.3 (g) 521 − 587
WASP J024743.37−251549.2 11 380 4.576 12.1 (g) 380 − 420
SDSS J114155.56+385003.0 11 290 4.94 19.1 (g) 325 − 368
KIC 9164561(*) 10 650 4.86 13.7 (g) 3018 − 4668
WASP J162842.31+101416.7 9200 4.49 13.0 (g) 668 − 755
SDSS J173001.94+070600.25(*) 7972 4.25 16.4 (g) 3367
SDSS J145847.02+070754.46(*) 7925 4.25 15.2 (g) 1634 − 3279
SDSS J131011.61−014233.0(*) 8224 5.33 16.6 (g) 2100 − 3100
SDSS J075738.94+144827.50(*) 8180 4.75 15.0 (g) 803− 2982
(*) Unconfirmed as a pre-ELM WD (see text).
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The prototype of the DQV class, SDSS J142625.71+575218.3, was dis-
covered by Montgomery et al. (2008). Barlow et al. (2008) and Dunlap et al.
(2010) found three others, SDSS J220029.08-074121.5, SDSS J234843.30-094245.3,
and SDSS J133710.19-002643.6. Dufour et al. (2011) discovered the fifth DQV
star, SDSS J115305.55+005646.2.Williams et al. (2013) discuss the variability
in the strongly magnetic DQ WD SDSS J103655.39+652252.2, but it is not
evident if these are bona fide pulsations or more probably caused by cool spots
in rotating magnetic stars (Williams et al., 2016; Dupuis, 2018). At present, 6
stars of this category exist (see Table 9).
Table 9 DQV stars and their effective temperatures, surface gravities, stellar masses, mag-
nitudes, period ranges, and remark. The letter in parentheses in the fifth column corresponds
to the filter of the magnitude.
Star Teff log g M⋆ Magnitude Period range Remark
[K] [cgs] [M⊙] [s]
SDSS J142625.70+575218.4 19 800 9 ∼> 1.0 19.16 (g) 209 − 418 Magnetic
SDSS J220029.08−074121.5 21 240 8 0.60 17.70 (g) 327 − 653 Magnetic
SDSS J234843.30−094245.3 21 550 8 0.59 19.00 (g) 417 − 1044 −
SDSS J133710.19−002643.6 · · · · · · · · · 18.70 (g) 326 − 341 −
SDSS J103655.39+652252.2 15 500 9 ∼> 1.0 18.51 (g) 1116 Magnetic
SDSS J115305.55+005646.2 · · · · · · · · · 18.97 (g) 159 − 375 −
WDs in cataclysmic variables (CVs) also show pulsations, as discovered
by Warner and van Zyl (1998) in the quiescent phase of the dwarf nova GW
Librae. Since then, pulsations have been detected in nearly twenty dwarf novae
(see Szkody et al., 2013, 2015; Toloza et al., 2016), that define the GW Lib
class of pulsating WDs. The prototype star, GW Librae, showed nonradial
pulsations during quiescent phases before and after the 2007 nine magnitude
outburst. The location of the instability strip of the class of GW Lib stars is
affected by accretion, which changes the temperature structure of the envelope
and therefore the driving region. Theoretical models indicate excitation of g
modes due to the H/HeI ionization zone, but enhanced He abundance due to
accretion also can drive pulsations as a result of the subsurface HeII partial
ionization zone (Arras et al., 2006; Van Grootel et al., 2015). On the other
hand, Saio (2019) proposes that toroidal r modes are also detected —analyzing
the substructure of the pulsation peaks— and concludes the outburst in the
star GW Librae increased the rotation rate of the H envelope significantly.
Gaia Data Release 2 (DR2; Gaia Collaboration et al., 2018a,b) is a new
source of detailed information for distances, and therefore radii and masses,
for the known WDs. It also allowed the discovery of a few hundred thousand
probable WDs (Gentile Fusillo et al., 2019; Kepler et al., 2019), and conse-
quently of WD pulsator candidates, as pulsation appears to be a natural phe-
nomenon during WD cooling. Once Gaia make spectrophotometry and light
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curves available, it will be possible to confirm WD pulsators directly without
the use of dedicated follow-ups, although it depends on the number of measure-
ments and time scale (frequency) of the Gaia measurements. Fig. 3 shows the
colour-magnitude diagram for the stars detected with parallax/error > 10σ in
Gaia DR2, and the location of the WD variables. Recently, by using observa-
tions with the Gaia satellite, Tremblay et al. (2019) have confirmed that the
cores of cooling WDs undergo crystallization, as predicted half a century ago
(van Horn, 1968).
In the case of pulsating PG 1159 stars, also called GW Vir stars, Ta-
ble 3 in Fontaine and Brassard (2008) (see also Table 5 of Althaus et al.,
2010b), requires only minor revisions. We have to add two objects to the
list. On one hand, the GW Vir star SDSS J075415.12+085232.18, discov-
ered by Kepler et al. (2014) and characterized by Teff = 120 000 ± 10 000 K,
log g = 7.0 ± 0.3, M⋆ = 0.52 ± 0.02M⊙, and a dominant period of ∼ 525
s. On the other hand, the GW Vir star SDSS J0349−0059, discovered to be
pulsating by Woudt et al. (2012), and characterized by Teff = 90 000± 900 K,
log g = 7.5±0.01,M⋆ = 0.543±0.004M⊙, and periods in the range [301−964]
s. This star was analyzed asteroseismologically by Calcaferro et al. (2016). Fi-
nally, we have to subtract VV47 —a supposed PNNV star reported to be
variable by Gonza´lez Pe´rez et al. (2006)— from the list of GW Vir stars. In
fact, a re-analysis by Sowicka et al. (2018) revealed that this star does not
show variability according to the new photometric data, but neither with the
original data of its discovery!
Another issue that has experienced a remarkable development is the deriva-
tion of the rotation rates of WDs through asteroseismology. Slow, solid-body
rotation of a star produces a set of equally spaced frequencies, with a separation
between each component of the multiplet given by δσk,ℓ,m = m (1−Ckℓ) ΩR.
This rotational splitting of frequencies is found in a large number of pulsating
WDs. This allows to estimate the rotation period of the star (PR = 2π /ΩR)
as well as to identify the harmonic degree ℓ and the azimuthal order m of
the modes (see Althaus et al., 2010b, for details). In general, the measured
rotation period for single WDs ranges from 1 h to 18 d, with a median around
1 d (Kawaler, 2015). We show in Table 10 a compilation of pulsating WDs
and pre-WDs with rotation periods derived from asteroseismology. The fastest
single WD rotator from asteroseismological measurements (Table 10) is the
0.79 M⊙ DAV SDSS J161218.08+083028.1 discovered by Castanheira et al.
(2013), assuming that the two observed periods at 115.0 s and 117.0 s are two
components of a rotation triplet. This star seems to be rotating with a period
of 0.93 h! Differential rotation in WDs was studied by Winget et al. (1991,
1994); Kawaler et al. (1999); Charpinet et al. (2009); Co´rsico et al. (2011);
Fontaine et al. (2013) and Hermes et al. (2017b), using the change in rota-
tion splitting of non-radial pulsations. In particular, Kawaler et al. (1999)
(see, also, Co´rsico et al., 2011) employed asteroseismological inversion meth-
ods for the inversion of the rotation profiles of GW Vir and V777 Her stars.
Hermes et al. (2017b) have been able to assess, for the first time in a system-
atic way, WD rotation as a function of the stellar mass. In particular, they
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Fig. 3 Colour–magnitude diagram for the known variables DAVs, DBVs, pulsating PG1159
stars (including PNNVs), ELMVs, and variable DQVs, from Gaia DR2 distances and colours.
The background is composed of the stars in Gaia DR2 with parallax/error > 10. The
lines are MIST (MESA Isochrones & Stellar Tracks; Choi et al., 2018) isochrones with
solar metallicity, [Fe/H]= 0, and also [Fe/H]= −2.5, and [Fe/H]= −4, where [Fe/H]=
[log(Fe/H)⋆ − log(Fe/H)⊙]. The adopted age is for the low-metallicity isochrones. Three
different ages are considered in the solar case. In the WD region, the lines are the pure H,
pure He, and mixed models from Carrasco et al. (2014). The Gaia DR2 data is less reliable
for stars fainter than MG > 19. This is because both, the photometry and the parallax
available on Gaia DR2 are less reliable because of background noise in the Gaia data.
found that WDs with masses between 0.51 and 0.74M⊙ have a mean rota-
tion period of 35 hr. The assessment of the rotation periods of WDs through
asteroseismology provides final boundary conditions to the internal angular-
moment evolution of isolated stars. The longest rotation period determined is
for the hot polluted ZZ Ceti (DAV) GD 133 by Fu et al. (2019). In particular,
the WD rotation rates as a function of mass can shed light on the unknown
angular-momentum transport mechanism coupling red-giant cores to their en-
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velopes (Deheuvels et al., 2012; Tayar and Pinsonneault, 2013; Mosser et al.,
2014; Cantiello et al., 2014; den Hartogh et al., 2019). The longest rotation
period determined is for the hot polluted (DAZ) ZZ Ceti (DAV) GD 133 by
Fu et al. (2019). The metals imply ongoing accretion of planetesimals.
3.2 Asteroseismic approaches
Up to now, two main standpoints have been adopted to perform forward aster-
oseismic modeling of pulsating WD stars. One approach considers WD mod-
els characterized by parameterized chemical composition profiles, while the
other technique involves fully evolutionary models constructed with chemi-
cal profiles resulting from all the processes experienced during the evolution
of the WD progenitors. The former approach constitutes a powerful forward
method with the flexibility of allowing a full exploration of the parameter
space (the total mass, the mass of the H and He envelopes, the thickness of
the chemical transition regions, the core chemical structure and composition,
etc) to find an optimum asteroseismological solution (see Bradley, 1998, 2001;
Bischoff-Kim et al., 2008a, 2014, 2019; Fu et al., 2013; Bogna´r et al., 2016;
Giammichele et al., 2017a,b, among others). In particular, Giammichele et al.
(2017a,b) present a new prescription for parameterizing the chemical profiles
in the core of WDs which is based on Akima splines. The method, in princi-
ple, allows for period-to-period fits (theoretical periods minus observed peri-
ods) with differences smaller than the uncertainties in the observed periods.
This technique has been applied by Giammichele et al. (2018) to the DBV
star KIC 08626021 monitored extensively by the Kepler spacecraft. We de-
scribe this specific application in some detail here due to the relevance of
this asteroseismological technique. Giammichele et al. (2018) have derived the
chemical stratification of 16O, 12C and 4He in KIC08626021 using archival
data. They find an asteroseismological model for this star whose 16O content
and the extent of its core exceed the predictions of current models of DB WDs
derived from fully evolutionary computations. The chemical profiles of the as-
teroseismological model are displayed in Fig. 4. This model is characterized
by Teff = 29 968± 200 K and log g = 7.917 ± 0.009, which closely match the
independent measurements obtained from spectroscopy (Teff = 29 360±780 K
and log g = 7.89 ± 0.05). The central homogeneous part of the core of the
asteroseismological model has a mass of 0.45M⊙, and is composed of ∼ 86%
16O by mass. These values are respectively 40% and 15% larger than those
predicted for typical DB WD models. The total 16O content of the WD core
reaches 78.0± 4.2%, much higher than the expected value of around 64% for
a standard evolutionary DB WD model of the same mass.
A disturbing feature of the method described above is that it can lead to
asteroseismological models characterized by chemical structures that cannot
be reconciled with the predictions of the currently accepted scenarios of WD
formation. For instance, the derived asteroseismological models may have a
pure (or nearly pure) 12C buffer —which is difficult to predict from the exist-
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Table 10 Rotation periods of WDs as determined via asteroseismology. The Teff values
have been converted to 3D model atmospheres.
Star Prot [h] Teff [K] Type M⋆ [M⊙]
RX J2117.1+3412 28 170 000 GW Vir 0.72
PG 1159−035 33 140 000 GW Vir 0.54
NGC 1501 28 134 000 [WCE] 0.56
PG 2131+066 5 95 000 GW Vir 0.55
PG 1707+427 16 85 000 GW Vir 0.53
PG 0122+200 37 80 000 GW Vir 0.53
SDSS J0349−0059 9.8 90 000 GW Vir 0.54
PG 0112+104 10.17 31 040 DBV 0.58
KIC 8626021 43 29 700 DBV 0.56
EC 20058−5234 2 25 500 DBV 0.65
GD 358 29 23 740 DBV 0.54
SDSS J083702.16+185613.4 1.13 13 590 ZZ Ceti 0.88
G 226−29 9 12 510 ZZ Ceti 0.83
G 185−32 15 12 470 ZZ Ceti 0.67
GD 133 169 12 400 (*) ZZ Ceti 0.63
SDSS J113655.17+040952.6 2.6 12 330 ZZ Ceti 0.55
SDSS J161218.08+083028.1 0.93 12 330 ZZ Ceti 0.79
Ross 548 37 12 300 ZZ Ceti 0.63
GD 165 50 12 220 ZZ Ceti 0.68
LP 133−144 41.8 12 150 ZZ Ceti 0.59
KIC 11911480 86.4 12 160 ZZ Ceti 0.58
L 19−2 13 12 070 ZZ Ceti 0.69
HS 0507+0435 38 12 010 ZZ Ceti 0.73
EC 14012−1446 14.4 12 020 ZZ Ceti 0.72
KUV 11370+4222 5.56 11 940 ZZ Ceti 0.72
G 29−38 32 11 910 ZZ Ceti 0.72
EPIC 220274129 12.7 11 810 ZZ Ceti 0.62
KUV 02464+3239 90.7 11 620 ZZ Ceti 0.70
HL Tau 76 53 11 470 ZZ Ceti 0.55
SDSS J171113.01+654158.3 16.4 11 130 ZZ Ceti 0.90
GD 154 50.4 11 120 ZZ Ceti 0.65
KIC 4552982 15.0 10 860 ZZ Ceti 0.71
SDSS J094000.27+005207.1 11.8 10 590 ZZ Ceti 0.82
KIC 435703719 22.0 12 650 ZZ Ceti 0.62
KIC 455298219 18.4 10 950 ZZ Ceti 0.67
KIC 759478119 26.8 11 730 ZZ Ceti 0.67
KIC 1013270219 11.2 11 940 ZZ Ceti 0.68
KIC 1191148019 74.7 11 580 ZZ Ceti 0.58
EPIC 6001783623 6.9 10 980 ZZ Ceti 0.57
EPIC 20171957811 26.8 11 070 ZZ Ceti 0.57
EPIC 20173081111 2.6 12 480 ZZ Ceti 0.58
EPIC 20180293311 31.3 12 330 ZZ Ceti 0.68
EPIC 20180600811 31.3 10 910 ZZ Ceti 0.61
EPIC 21039746503 49.1 11 200 ZZ Ceti 0.45
EPIC 21159664908 81.8 11 600 ZZ Ceti 0.56
EPIC 21162969708 64.0 10 600 ZZ Ceti 0.48
EPIC 21191418508 1.1 13 590 ZZ Ceti 0.88
EPIC 21192643009 25.4 11 420 ZZ Ceti 0.59
EPIC 22868247808 109.1 12 070 ZZ Ceti 0.72
EPIC 22922729213 29.4 11 210 ZZ Ceti 0.62
EPIC 22020462601 24.3 11 620 ZZ Ceti 0.71
EPIC 22025880601 30.0 12 800 ZZ Ceti 0.66
EPIC 22034775900 31.7 12 770 ZZ Ceti 0.66
EPIC 220274129 12.7 11 810 ZZ Ceti 0.62
(*) Asteroseismological value of Teff and log g because of the observed metal polution.
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Fig. 4 Abundance by mass of 16O (in red), 12C (in gray) and 4He (in blue) in terms of the
outer mass fraction, corresponding to the asteroseismological model of KIC08626021. The
shaded areas around each curve are the estimated 1σ errors. The total (integrated) mass
fractions for each chemical species are indicated at the bottom right of the plot (extracted
from Giammichele et al., 2018).
ing channels of WD formation; see De Gero´nimo et al. (2019), submitted— or
central abundances of 12C and 16O that are at variance with the current uncer-
tainty of the 12C(α, γ)16O reaction rate (see Fig. 4). In addition, as precise as
they have become, parameterized approaches rely on an educated guess of the
internal composition profiles, due to the large number of parameters involved
and the small number of periods typically available.
The second asteroseismological approach for WDs was developed at La
Plata Observatory and is based on non-static WD evolutionary models that
result from the complete evolution of the progenitor stars. This method has
been already applied to GW Virginis stars (see, e.g., Co´rsico et al., 2007a,b,
2008, 2009a; Calcaferro et al., 2016, and references therein), to DBVWDs (see,
e.g., Co´rsico et al., 2012a, 2014; Bogna´r et al., 2014), and recently to ELMV
stars (Calcaferro et al., 2017b, 2018b). Regarding ZZ Ceti stars, this approach
has been employed by Romero et al. (2012, 2013, 2017). In the context of this
approach, the chemical structure of WD models is consistent with the pre-
WD evolution. This is a crucial aspect because WD models with consistent
and detailed chemical profiles from the center to the surface are needed to
correctly assess the adiabatic pulsation periods and also the mode-trapping
properties of ZZ Ceti stars. These chemical profiles are computed from the
complete evolution of the progenitor stars from the ZAMS, through the ther-
mally pulsing and mass-loss phases on the AGB, and from time-dependent
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Fig. 5 Upper panel: histogram of the H envelope thickness distribution corresponding to
the asteroseismological models of the sample of 44 ZZ Ceti stars analyzed in Romero et al.
(2012). The regions marked with different colors (brown, gray and white) refer to three
possible evolutionary origins (single progenitors) of the WDs according to the value of the
thickness of their H envelopes. The acronyms LTP and VLTP stand for Late Thermal Pulse
and Very Late Thermal Pulse, respectively (see Section 2.1). Lower panel: stellar mass in
terms of the H envelope mass for the same sample of ZZ Ceti stars. The thick brown (green)
line corresponds to the canonical envelopes for post-AGB WDs at the beginning of the
cooling track coming from progenitor stars with Z = 0.01 (Z = 0.001) at the ZAMS.
element diffusion predictions during the WD stage. For realistic asteroseismic
inferences, this method requires a quantification of the uncertainties inherent
to WD progenitor evolution and an assessment of their impact on the pulsa-
tional expectations.
A notable example of application of this second approach to DAV stars
is the asteroseismological study of 44 ZZ Ceti stars extracted from a sample
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of bright stars — for which the surface parameters are accurately known —
performed by Romero et al. (2012). These authors employed a large grid of
fully evolutionary models characterized by consistent chemical profiles cover-
ing a wide range of stellar masses, thicknesses of the H envelope and effec-
tive temperatures. The different thicknesses of the H envelope were artificially
obtained from the canonical (thickest) envelopes. One of the main results of
Romero et al. (2012) is a strong suggestion of the existence of a range of thick-
nesses of the H envelope in the studied ZZ Ceti stars, with a distribution char-
acterized by a strong peak at thick envelopes [log(MH/M⋆) ∼ −4.5] and an-
other much less pronounced peak at very thin envelopes [log(MH/M⋆) ∼ −9.5],
with an evident paucity for intermediate thicknesses; see upper panel of Fig.
5. The expected range of H-envelope thickness, that is in agreement with
the seismological results of Castanheira and Kepler (2009), is extremely rele-
vant and is in line with the spectroscopic finding of Tremblay and Bergeron
(2008), that about 15 % of the DA WDs with 10 000 K ∼< Teff ∼< 15 000
K should have H envelopes in the range −10 ≤ log(MH/M⋆) ≤ −8. These
two pieces of evidence reinforce the idea that a non-negligible fraction of DA
WDs could harbor thin H envelopes. Because the standard theory of stellar
evolution predicts the formation of WDs with thick H envelopes, then the fol-
lowing question arises: which are the possible channels of evolution that can
lead to the formation of DA WDs with a range of envelopes of H? In the
case of single progenitors, the expected theoretical predictions are displayed
in Fig. 5. In the lower panel of this figure, the stellar mass in terms of the
H envelope thickness corresponding to the asteroseismological models derived
by Romero et al. (2012) is shown. The thick brown line corresponds to the
thickest H envelopes possible (canonical envelopes) corresponding to progeni-
tor stars with nearly solar metallicity, Z = 0.01. The thick green line, in turn,
corresponds to the canonical H envelopes of DA WD models coming from pro-
genitor stars with sub-solar metallicity (Z = 0.001). There is a widespread
belief that progenitor metallicity and/or enhanced winds on the AGB and H-
burning post-AGB phases could be at the root of accounting for the existence
of WDs with very thin H envelopes (see Althaus et al., 2015, for a thorough
discussion). From inspection of Fig. 5, it becomes clear that, according to fully
evolutionary computations, the metallicity of the WD progenitors cannot be
the explanation for the formation of WDs with H envelopes thinner than the
canonical ones; see Miller Bertolami et al. (2013); Althaus et al. (2015) and
Miller Bertolami et al. (2017). These authors also show that neither the action
of enhanced winds during the AGB and post-AGB phases can be responsible
for the thin H envelopes in DA WDs. Rather, the explanation for the existence
of WDs with thinner H envelopes than the canonical ones can be found in con-
nection with the occurrence of late thermal pulses experienced by progenitors
after departing from the TP-AGB phase; specifically LTP and VLTP events,
as proposed by Althaus et al. (2005) and Miller Bertolami et al. (2017) (see
also Section 2 for details). The range of H envelope mass expected from these
scenarios is schematically illustrated in the upper panel of Fig. 5.
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The sample of ZZ Ceti stars studied in Romero et al. (2012) includes the
archetypal ZZ Ceti star G117−B15A. For this star, a unique asteroseismo-
logical solution, characterized by Teff = 11 985 ± 200 K, log g = 8.00 ± 0.09
and M⋆ = 0.593 ± 0.007M⊙ —in excellent agreement with the spectroscopic
determinations— was found. For the first time, the degeneracy of the astero-
seismological solutions for this star reported by previous studies (e.g., Bradley,
1998) regarding the thickness of the H envelope was broken. The best-fit model
has a H envelope withMH = (1.25±0.7)×10
−6M⋆, about two orders of magni-
tude thinner than the value predicted by canonical evolutionary computations,
of MH ∼ 10
−4M⋆ at this stellar-mass value.
As stated before, reliable asteroseismological inferences of WD parameters
require an assessment of the uncertainties of the predictions of WD progenitor
evolution. In this sense, De Gero´nimo et al. (2017, 2018) have explored for
the first time the impact of the occurrence of TPs in WD progenitors, the
uncertainty in the 12C(α, γ)16O cross section, and the occurrence of extra
mixing (referred to as OV later on) during core He burning on the expected
period spectrum of ZZ Ceti stars, and also on the asteroseismologically-derived
parameters of ZZ Ceti stars.
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In particular, the number of TPs experienced by the WD progenitor star
through the AGB phase is quite uncertain and depends on the rate at which
mass is lost during the TP-AGB phase, on the initial metallicity of the pro-
genitor star, and the occurrence of extra mixing in the pulse-driven convec-
tion zone. To quantify the impact of all these uncertainties on the pulsational
properties of ZZ Ceti stars, De Gero´nimo et al. (2017) explored the situation
in which the progenitor is forced to abandon the AGB phase before the oc-
currence of the first TP (0TP case) and also the case in which it experiences
three TPs (3TP case). The results are shown in the left panels of Fig. 6, in
which the chemical profiles (upper panel) for 16O, 12C, and 4He, and the log-
arithm of the squared Brunt-Va¨isa¨la¨ frequency (lower panel) in terms of the
outer mass, for a DA WD model with M⋆ = 0.548M⊙, Teff ∼ 12 000 K, and
MH ∼ 4×10
−6M⋆, are displayed. In the 3TP case, there is an inter-shell region
rich in 4He and 12C at the bottom of the 4He buffer (see Fig. 2). At variance
with this, in the 0TP situation no inter-shell region is expected. The presence
or absence of an inter-shell region has a non-negligible impact on the Brunt-
Va¨isa¨la¨ frequency, and consequently on the period spectrum. Specifically, the
resulting changes in the periods (at fixed radial order, k) are on average be-
tween 5 and 10 s. In the case of more massive models, the average differences
reduce to ∼ 2 − 3 s. On the other hand, the amount of OV (central panel of
Fig. 6) and different assumptions about the 12C(α, γ)16O reaction rate during
core He burning (right panels of Fig. 6) impact to a lesser extent the pulsation
periods, with average period differences of about 5 s when account is made of
the current uncertainties in OV prescription and 12C(α, γ)16O reaction rate
(Kunz et al., 2002).
The impact of the chemical structure built up during the TP-AGB evo-
lution and the 12C(α, γ)16O reaction rate on the stellar parameters inferred
from asteroseismological period-to-period fits of ZZ Ceti stars was studied by
De Gero´nimo et al. (2018). These authors found that the occurrence or not of
TPs during AGB evolution implies an average deviation in the asteroseismo-
logical effective temperature (σTeff ) of ZZ Ceti stars of at most 8 %, and of the
order of 5 % in the stellar mass (σM⋆). For the mass of the H envelope, they
find deviations up to 2 orders of magnitude —although generally much lower.
These trends remain even when a sample of real ZZ Ceti stars is considered in
the analysis. Noteworthy, the mean deviations in Teff ,M⋆ andMH inflicted by
the uncertainties in the 12C(α, γ)16O reaction rate and OV are smaller than
those produced by the uncertainties in the number of TPs.
In summary, the uncertainties in the parameters of the asteroseismolog-
ical models due to uncertainties in the chemical profiles of WDs during the
evolution of the progenitor stars are admittedly not negligible. However, the
impact of the uncertainties in the chemical structure over the asteroseismo-
logical determinations are quantifiable and bounded, with average values close
to the observational errors of the effective temperature and surface gravity.
These results add confidence to the use of fully evolutionary models with con-
sistent chemical profiles in WD asteroseismology, and render this approach as
a robust way to peer into the internal structure of WD stars.
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As a corollary of this Section, the two asteroseismological approaches com-
monly used in pulsating WDs described above are very different in nature,
but complementary to each other. On the one hand, the parametric approach
needs as a starting point certain constraints about the shape of the chemical
profiles, the physically plausible chemical abundances in each part of the star
(Xi), and the specific chemical species that make up a WD (
1H, 4He, 12C,
16O, etc). This information is provided by the approach that uses detailed
evolutionary models of WDs because in this treatment, the chemical profiles
are consistent with the previous evolutionary history. At the same time, the
parametric approach leads to seismological models with characteristics that
differ somewhat from the canonical models of WDs, this way providing cer-
tain hints that can help to improve the evolutionary calculations. In other
words, the parametric approach is useless if it does not take into account some
robust constraints predicted by stellar evolution for the structure of a WD,
and on the other hand, the approach using evolutionary models cannot ig-
nore the apparently discordant results that the parametric approach predicts
when it is applied to real stars. We conclude that it would be very important
that efforts were combined in both methods in order to make progress in the
detailed knowledge of the evolutionary origin and internal structure of WDs.
3.3 Massive and ultra-massive WDs
Another relevant progress in the field of WD asteroseismology in the last
decade concerns the massive and ultra-massive WDs, which are key to under-
stand physical processes in the AGB phase, the theory of crystallization, high-
field magnetic WDs, and type Ia supernova explosions. These stars, which clus-
ter around well-defined peaks in the WDmass distribution atM⋆ ∼ 0.8M⊙ and
M⋆ ∼ 1.10M⊙, have been reported in several studies (see, e.g., Kepler et al.,
2016b). Massive WDs (0.8 ∼< M⋆/M⊙ ∼< 1.0) are expected to have C/O cores,
with progenitor stars of ∼ 3−7M⊙, while ultra-massive WDs (M⋆/M⊙ ∼> 1.0)
would result either from the evolution of single progenitors with masses in the
range ∼ 7 − 8.5M⊙, and characterized by O/Ne cores, or from the merger of
two ∼ 0.5−0.6M⊙ WDs, and hence harboring C/O cores (Garc´ıa-Berro et al.,
2012). The internal structure and chemical stratification of massive and ultra-
massive WDs can be, in principle, probed through asteroseismology. Fortu-
nately, in recent years a significant number of massive and ultra-massive
ZZ Ceti stars have been uncovered (Kanaan et al., 2005; Castanheira et al.,
2010, 2013; Hermes et al., 2013b; Curd et al., 2017). The ultra-massive ZZ
Ceti star BPM 37093 (Kanaan et al., 1992, 2005) was the first object of this
kind to be studied in detail, opening the opportunity to test crystallization
theory (e.g., van Horn, 1968) through asteroseismology (Metcalfe et al., 2004;
Brassard and Fontaine, 2005).
Asteroseismological studies based on fully evolutionary models (see Section
3.1) have been done for samples of massive and ultra-massive ZZ Ceti stars.
For massive WDs, Romero et al. (2013) have been able to place constraints
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on the process of crystallization and phase separation of C/O mixtures by us-
ing the phase diagrams of Segretain and Chabrier (1993) and Horowitz et al.
(2010). In line with this, Althaus et al. (2012) found that, for a given value
of M⋆, the amount of matter redistributed by phase separation is smaller
when the Horowitz et al. (2010) phase diagram is considered instead of the
Segretain and Chabrier (1993) one, leading to a smaller energy release from
the process of C/O separation. Regarding ultra-massiveWDs, Camisassa et al.
(2019) have presented detailed evolutionary sequences of ONe-core DA and DB
WD models with stellar masses in the range 1.10−1.29M⊙ extracted from the
full evolution of 9-10.5 M⊙ single progenitors from the ZAMS through core H
and He stable burning and semi-degenerate C burning during the thermally-
pulsing Super-AGB (SAGB) phase (Siess, 2010). In this way, realistic and
consistent chemical profiles for the resulting WDs can be obtained, including
the O/Ne inner profiles and the outer chemical stratification, in particular the
mass of the He inter-shell built up during the SAGB, a key issue as far as
the assessment of cooling times at low luminosities is concerned. But the most
novel aspect of these ultra-massive WD models, relevant for both evolution-
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ary and pulsational inferences, is that the release of energy and the ensuing
core chemical redistribution resulting from the phase separation of 16O and
20Ne upon crystallization (Medin and Cumming, 2010) is included for the first
time, thus substantially improving previous attempts at modelling these stars
(Co´rsico et al., 2004; Althaus et al., 2007).
As shown by Camisassa et al. (2019), element diffusion strongly modifies
the inner chemical distribution of ultra-massiveWDs from the very early stages
of WD evolution, as illustrated in Fig. 7 for selected 1.16M⊙ models. Note that
the heavy species are depleted from the outer layers as a result of gravitational
settling and that the initial 4He and 12C distribution in the deep envelope
results drastically modified. This is in contrast to the situation of average-
mass WDs. These changes in the 4He and 12C profiles affect the radiative
opacity in the envelope and thus the cooling times at late stages. The core
chemical distribution is also strongly modified during the WD cooling due to
phase separation during crystallization. It can be appreciated from the bottom
panel of the figure, that corresponds to a WD model with Teff ∼ 6 300 K. Note
that most of the star should be crystallized (99.87%, gray zone).
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The phase diagram for 16O-20Ne plasmas predicts that all ultra-massive
ONe-core DAVs reported in the literature with masses higher than 1.10M⊙
should have more than 80% of their mass crystallized (Camisassa et al., 2019).
This is borne out in Fig. 8, in which the evolutionary tracks for ultra-massive
WDs with M⋆ = 1.10, 1.16, 1.22, and 1.29M⊙ in the Teff − log g diagram is
displayed. The increase in the surface gravity for all of the models at the on-
set of crystallization is due to a decrease in the stellar radius caused by the
changes in the abundance distribution of 16O and 20Ne at the core, induced
by phase separation during crystallization. Also plotted in Fig. 8 is the loca-
tion of spectroscopically identified ultra-massive WDs (asterisk symbols). It is
apparent that a large fraction of stars in this sample should have more than
99% of their mass crystallized. We also include three known ultra-massive ZZ
Ceti stars: BPM 37093, J084021, and GD 518. Note that, in particular, BPM
37093 should have ∼ 88% of its mass in a crystalline state, whereas the more
massive stars, J084021 and GD 518, should be ∼ 90% and ∼ 96% crystallized.
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Asteroseismology constitutes a very promising way to infer and test the
occurrence of crystallization in WD interiors as well as physical processes
related with dense plasmas. A first step in this direction has been given by
De Gero´nimo et al. (2019), who explored the pulsational properties —mainly
the period spectrum and the distribution of the period spacings— of the ultra-
massive DA WDs models of Camisassa et al. (2019), taking into account the
impact of crystallization on the g-mode period spectrum through the hard-
sphere boundary condition (Montgomery and Winget, 1999). In Fig. 9 we plot
the chemical profiles and the logarithm of the squared Brunt-Va¨isa¨la¨ and Lamb
frequencies as a function of the fractional mass for an ONe-core WD model
with M⋆ = 1.16M⊙, Teff ∼ 11 500 K, and a percentage of crystallized mass of
∼ 93%. For this model, which is located at the middle of the ZZ Ceti instability
strip, phase separation due to crystallization —which shapes the 16O and 20Ne
chemical profiles— has already finished. De Gero´nimo et al. (2019) discuss the
possibility of discerning whether an ultra-massive ZZ Ceti star has a core made
of 12C and 16O or a nucleus of 16O and 20Ne on the basis of period-spacing
diagrams. They find that period spacing departures due to mode trapping
effects are weaker for ONe-core WD models than for CO-core WD models
with the same effective temperature and stellar mass (Fig. 10). These authors
conclude that the features found in the period-spacing diagrams could be used
as a seismological tool to discern the core composition of ultra-massive ZZ
Ceti stars, something that should be complemented with detailed asteroseismic
analysis using the individual observed periods.
Independent research on the evolution of ultra-massive WDs has been per-
formed by Lauffer et al. (2018), who used MESA (Paxton et al., 2011, 2013,
2015, 2018, 2019) to compute evolutionary sequences of H- and He-rich atmo-
sphereWDmodels with masses in the range 1.012 and 1.307M⊙. These authors
present chemical profiles for the whole mass range considered, covering differ-
ent core chemical compositions (i.e. CO, ONe and NeOMg) and its dependence
on the stellar mass. In addition, they present the initial-to-final mass relation,
the mass-radius relation and cooling times considering the effects of the at-
mosphere and the core composition. At variance with Camisassa et al. (2019),
however, the models of Lauffer et al. (2018) do not take into account the phase
separation and the consequent core chemical rehomogeneization during crys-
tallization. Also, the predicted compositions of the WD cores differ from those
of Ritossa et al. (1996) and Siess (2010). Differences can be traced back to the
extreme choice of macrophysics parameters done in Lauffer et al. (2018), par-
ticularly the choice of a large convective boundary mixing f value below the
C-burning flame (f = 0.1), which is at variance with expectations from hydro-
dynamical simulations (Lecoanet et al., 2016). Also, another source of discrep-
ancy that may have an important impact on the composition and properties
of the WD models is the extreme mass-loss rates on the SAGB phase assumed
in Lauffer et al. (2018) (rates of Bloecker, 1995, with η = 10). Regarding this
last issue, due to the extreme SAGB winds adopted in their modeling, stellar
models avoided the thermally pulsing SAGB phase that shapes the outer re-
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Table 11 Observed and theoretical effective temperature (in K) of the edges of the ZZ Ceti
and V777 Her instability strip. The theoretical values are obtained for 0.6M⊙ CO-core WD
models.
Blue edge Red edge Blue edge Red edge
ZZ Ceti ZZ Ceti V777 Her V777 Her
Observed ∼ 12 500 ∼ 10 800 ∼ 31 100 ∼ 23 000
Theoretical, TDC 11 970 5 600 30 000 13 000
Theoretical, FC 11 750 5 520 28 000 13 000
gions of the ultra-massive WD cores. These are particularly important points
with regard to the pulsational properties of ultra-massive DA WDs.
3.4 Excitation mechanisms
The early non-adiabatic works on the excitation of ZZ Ceti pulsations (Dolez and Vauclair,
1981; Dziembowski and Koester, 1981; Winget et al., 1982b) assumed that g-
mode periods are much shorter than the turn-over time of convection of a ZZ
Ceti star (τconv ≫ Πg) and neglected the perturbation of the convective flux
(δFc) in the pulsation equations —the so-called “frozen-convection” approxi-
mation (FC; Unno et al., 1989). Under this assumption, these authors found
that the physical agent responsible for the driving of g-mode pulsations at
the hot boundary (blue edge) of the ZZ Ceti instability strip should be the
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κ− γ mechanism acting at the H partial ionization zone12. However, Brickhill
(1991) realized that the turn-over timescale in the convection zone of a ZZ Ceti
star, at least at the blue edge, is shorter than the pulsation periods of interest
(τconv ≪ Πg), that is, the exact opposite of the FC approximation. Brickhill
(1991) (see also Goldreich and Wu, 1999) proposed the “convective-driving”
mechanism as the responsible for pulsations in ZZ Ceti stars. Under this hy-
pothesis, the convective flux should react instantaneously to the macroscopic
motions of pulsations (Brassard and Fontaine, 1997, 1999).
In an effort to include consistently the impact of possible interactions
between convection and pulsations on the precise location of the blue and
red edges of the ZZ Ceti instability strip, Van Grootel et al. (2012) applied a
time-dependent convection (TDC) treatment in the framework of the mixing-
length theory (Grigahce`ne et al., 2005) for the first time in WDs, thus avoid-
ing in their stability computations the extreme assumptions adopted in pre-
vious approaches. These authors also performed nonadiabatic computations
assuming the FC approximation for comparison. The results of this work —
summarized in Table 11— are a bit surprising. Indeed, the predicted bound-
aries of the ZZ Ceti instability strip according to the TDC treatment are not
much different from those obtained with the FC approach. Specifically, the
effective temperature of the blue edge derived from the TDC treatment is
only ∼ 240 K higher than that obtained with the FC approximation, and
in good agreement with the instantaneous-convection adaptation results of
Brassard and Fontaine (1997, 1999). In the case of the red edge, the TDC ap-
proach predicts an effective temperature barely higher (∼ 80 K) than the FC
approach does, but both fail to match the observed red edge of the ZZ Ceti
instability strip. Similar results to those described for the ZZ Ceti stars using
the TDC and FC treatments were obtained for V777 Her stars (Dupret et al.,
2008; Quirion et al., 2008; Van Grootel et al., 2017, see Table 11). All these
results indicate that the interaction between pulsations and convection does
not seem to be relevant in ZZ Ceti and V777 Her pulsating stars in terms of
the location of the edges of their instability strips.
Recently, Luan and Goldreich (2018) showed that g modes of pulsating DA
WDs with angular frequency ω < Lℓ,b (Lℓ,b being the Lamb frequency at the
base of the surface convection zone) suffer enhanced radiative damping that
exceeds convective driving rendering them damped, thus giving origin to the
red edge of the ZZ Ceti instability strip. These authors also give an explanation
for the sporadic outbursts exhibited by some ZZ Ceti stars observed by the
Kepler mission that are located near the red edge of the instability strip (See
Sect. 3.4).
A potentially efficient mechanism of mode excitation in DAWD stars is the
ǫ mechanism, in which pulsational instability is induced by thermonuclear re-
actions (Unno et al., 1989). In this mechanism, the driving is due to the strong
dependence of nuclear burning on temperature. Usually, WDs are considered
12 Actually, Dziembowski and Koester (1981) found g-mode instability due to the partial
ionization of He.
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to lack nuclear burning. In the case of DA WDs this is true in general, but in
some circumstances these stars may sustain substantial nuclear burning even
at low luminosities, and in particular, during the ZZ Ceti stage. This has been
explored by Althaus et al. (2015) in the case of DA WDs coming from low-
metallicity progenitors. These authors found that for progenitor metallicities
Z in the range 0.00003− 0.001, and in the absence of third dredge-up during
the TP-AGB phase (and the ensuing carbon enrichment of the envelope), the
resulting H envelope of the average-mass DAWDs is thick enough to make sta-
ble H burning the most important energy source even at low luminosities. This
finding has been exploited by Camisassa et al. (2016) who have investigated
the possible excitation of g modes in ZZ Ceti stars due to the ǫ mechanism
by H burning. They demonstrated that, for WDs with masses smaller than
∼ 0.70M⊙ and effective temperatures lower than 11 600 K that evolved from
low-metallicity progenitors, the dipole and quadrupole g modes with radial or-
der k = 1 (g1) are excited mostly as a result of the H-burning shell through the
ǫ mechanism. However, the ǫ mechanism is insufficient to drive these modes
in WDs descended from solar-metallicity progenitors. These results encourage
the possibility of placing constraints on H shell burning in cool WDs and the
efficiency of third dredge-up episodes during the preceding AGB phase if the g1
mode were detected in DA WDs associated with low-metallicity environments,
such as globular clusters and/or the Galactic halo.
Finally, it is worth mentioning the possible existence of very hot pulsating
DA pre-WDs with g modes excited by the ǫ mechanism13. Early work on this
issue by Kawaler (1988) revealed pulsation instability in models of H shell-
burning planetary nebula nuclei. Later, Charpinet et al. (1997) predicted g-
mode instability promoted by H burning through the ǫmechanism in post-EHB
stars. These pioneering researches were extended by Maeda and Shibahashi
(2014), who found that nuclear reactions in the H burning shell can drive
low-degree g modes with periods in the range ∼ 40 − 200 s for DA pre-
WDs with 40 000 ≤ Teff ≤ 300 000 K coming from solar-metallicity pro-
genitors, the instability domain in the HR diagram being sensitive to the H
content. Similar results, although on the basis of DA pre-WD models com-
ing from low-metallicity progenitors (Althaus et al., 2015), have been found
by Calcaferro et al. (2017c). In Fig. 11 we show the instability domain of
hot DA pre-WDs with low-order g modes excited by the ǫ mechanism on
the logTeff − log g plane. The boundaries of the instability domain for differ-
ent sub-solar metallicities computed by Calcaferro et al. (2017c) are depicted
with thick lines of different colors and styles. We also include the results of
Maeda and Shibahashi (2014) for solar metallicity. Star symbols show the loca-
tion of DAO and hot DA stars that could be candidate targets to be scrutinized
to search for pulsations. The finding of any of these stars to be pulsating with
short-period g modes could allow to place constraints on the H thickness of
DA WDs (Maeda and Shibahashi, 2014).
13 Pulsational excitation of g modes due to the ǫ mechanism in H-deficient pre-WD models
was investigated by Kawaler et al. (1986) and Co´rsico et al. (2009b) (see, e.g., Althaus et al.,
2010b; Catelan and Smith, 2015, for a review of this topic).
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Fig. 11 Instability domain (shaded area) of hot DA pre-WDs with low-order g modes
excited by the ǫ mechanism on the log Teff − log g plane. Thick lines show the edges of
the instability region for different progenitor metallicities. Also included are the results
of Maeda and Shibahashi (2014) (MS14) for solar metallicity. Star symbols of different
colors show the DAO and hot DA stars from Gianninas et al. (2010) (GEA10) and hot
DA stars from Sion (2011) (S11). Black lines depict evolutionary tracks corresponding to
M⋆ = 0.535, 0.568, 0.666, 0.738M⊙ and Z = 0.0001.
Table 12 Properties of the known Hot DAV stars (adapted from Bognar and Sodor, 2016).
Star Teff log g V Π Reference
[K] [cgs] [mag] [s]
WD 0101+145 29 980 7.38 18.8 (g) 159 Kurtz et al. (2008)
WD 0232-097A 30 110 7.30 17.8 (g) 705 Kurtz et al. (2008)
WD 1017-138 32 600 7.80 14.6 624 Kurtz et al. (2013)
An alternative possibility for driving pulsations in WDs could be tidal ex-
citation of g modes in compact WD binary systems due to resonances between
the orbital frequency and the discrete spectrum of eigenfrequencies of the WDs.
These tidally-forced g-mode oscillations have been thoroughly investigated by
Fuller and Lai (2011, 2012). They showed that the excited g modes can reach
very large amplitudes at the regions close to the stellar surface, where they are
likely dissipated through a combination of non-linear processes and radiative
damping, thus probably preventing the excitation of discrete g modes. In any
case, no tidally excited g modes have been detected in any WD so far (see
Kilic et al., 2018).
Pulsating white dwarfs 43
We close this section by describing the possible existence of pulsating DA
WDs somewhat hotter than ZZ Ceti stars, with effective temperatures com-
parable to those of the DBV WDs. Winget et al. (1982b) (see, also, Winget,
1982) were the first to find g-mode pulsational instability due to the par-
tial ionisation of He in models of DA WDs harboring very thin H envelopes
(MH/M⋆ ∼< 10
−10), for effective temperatures of ∼ 19 000 K. On the other
hand, Kurtz et al. (2013) announced the existence of a new class of DA WD
pulsators, the so-called pulsating hot DAV WDs, characterized by Teff ∼
30 000 K, that show g modes probably excited by a driving mechanism very
different than those described above. The driving mechanism for hot DAVs
was formulated by Shibahashi (2005, 2007) (see, also, Shibahashi, 2013) who
theoretically found that in DA WDs with thin H envelopes at the cool edge
of the 45 000− 30 000 K effective temperature range (the “DB gap”), a super-
adiabatic, chemically-inhomogeneous (µ-gradient) zone drives pulsation g modes
with high ℓ values, but even with some ℓ < 3 modes excited, which could be
observable. Three objects of this predicted class are known, the characteris-
tics of which are summarized in Table 12, although the observations should
be confirmed with additional monitoring. Further investigation of these stars
could open the chance of a direct test of the explanation/existence of the DB
gap through asteroseismology.
3.5 Outbursting pulsating DAV stars
Kepler spacecraft observations of ZZ Ceti stars revealed a new type of phe-
nomena never before observed from the ground: outburst-like events in DAV
stars with effective temperatures near the red edge of the instability strip
(Bell et al., 2017b)14. The first ZZ Ceti star exhibiting outbursts was WD
J1916+3938 (KIC4552982). This star was the first ZZ Ceti identified in the
original Kepler mission field (Hermes et al., 2011). After 1.5 years of observa-
tions which provided the longest pseudo-continuous light curve ever recorded
for a ZZ Ceti, Bell et al. (2015) found that the star shows a rich period spec-
trum typical of DAVs, with at least 20 modes detected, along with a total of
178 enhancements of brightness typical of outburst phenomena, with peaks
of up to 17% above the quiescent level and involving very energetic events
(∼ 1033 erg) with a mean recurrence period of about 2.7 days. Remarkably,
KIC4552982 is located at the cool boundary of the ZZ Ceti instability strip
(Teff = 10 860 K, log g = 8.16). The second ZZ Ceti star showing outbursts was
PG1149+057 (Hermes et al., 2015), discovered with the K2 mission. This star
exhibits flux enhancements of up to 45%. Being relatively bright, it was possi-
ble to determine for this ZZ Ceti that the outbursts actually affect the normal
pulsations, thus demonstrating that outbursts are an intrinsic phenomenon
of the star. At present, a total of eight outbursting ZZ Ceti stars have been
14 A phenomenon reminiscent of these outburst-like events was the sforzando event de-
tected in 1996 for the DBV GD358, in which the star dramatically altered its pulsation
characteristics on a timescale of hours (Provencal et al., 2009).
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Fig. 12 Teff − log g diagram showing the location of presently known outbursting DAVs (8
objects) marked with red squares. The dark-yellow triangle corresponds to the object EPIC
211891315 from Bell et al. (2016), that exhibited a single outburst-type event. The small
yellow circles and gray crosses correspond to the DAVs and long-cadence WD targets that do
not show outbursts in K2 data through Campaign 6 (Bell et al., 2016). The dashed lines are
the observational boundaries of the ZZ Ceti instability strip, according to Tremblay et al.
(2015). Dash-dotted lines are WD cooling tracks for M⋆ = 0.6M⊙ and M⋆ = 0.8M⊙ WDs
from Fontaine et al. (2001). The cyan circles correspond to the location of DAVs known
from the ground (Gianninas et al., 2011), including SDSS J2350−0054 (Mukadam et al.,
2004; Kepler et al., 2016b) that is cooler than the red edge of the instability strip (Figure
adapted from Bell, 2017).
discovered (Bell et al., 2016, 2017b; Bell, 2017). In Fig. 12 we depict the ZZ
Ceti instability strip in the Teff− log g diagram with the location of the known
DAVs, emphasizing the outbursting objects with red square symbols. All of the
outbursting ZZ Ceti stars share some common properties: (i) the outbursts can
enhance the mean flux of the star over timescales of hours, with an irregular
recurrence on timescales of days; (ii) the normal ZZ Ceti-like g-mode pulsa-
tion spectrum changes in amplitude and frequency during outbursts, relative
to those in quiescence; and (iii) the effective temperatures of outbursting ZZ
Cetis locate them close to the cool edge of the instability strip, suggesting that
outbursts could be related to the cessation of g-mode pulsations (Bell et al.,
2017b).
A physical explanation for the occurrence of outbursts in cool ZZ Ceti stars
was suggested by Hermes et al. (2015) and formally drawn up by Luan and Goldreich
(2018), in terms of parametric instability via mode coupling of WD pulsations
(Dziembowski, 1982; Wu and Goldreich, 2001). In this scenario, it is possible
that the oscillation kinetic energy of a parent mode (or multiple parent modes)
grows linearly until it reaches a critical value. When this value is exceeded,
the mode enters a nonlinear regime and rapidly transfers its energy to reso-
nant daughter modes, or a cascade of resonant daughter modes, which may be
quickly damped by turbulence in the convection zone. The sum of the frequen-
cies of the daughter modes must be close to the parent frequency. The energy
of these modes is deposited at the basis of the outer convection zone, producing
the sudden enhancement of the stellar brightness characterizing the outbursts.
Luan and Goldreich (2018) attribute ZZ Ceti outbursts to limit cycles arising
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from sufficiently resonant 3-mode couplings between overstable parent modes
and pairs of radiatively damped daughter modes. Limit cycles account for the
durations and energies of outbursts (∼ 1033 − 1034 erg) and their prevalence
near the cool edge of the ZZ Ceti instability strip.
3.6 ELMV and pre-ELMV stars
One of the most important findings of recent years in the field of variable
WDs is the discovery of pulsations in DA low-mass (LM) and extremely low-
mass (ELM) WDs and pre-WDs. DA WDs have a mass distribution that
peaks at 0.59M⊙, but it also shows a peak at low masses: M⋆/M⊙ ∼< 0.45
(Kleinman et al., 2013; Kepler et al., 2015). LM WDs can be the result of
enhanced mass loss before the occurrence of the He flash during the red giant
branch phase of low-mass stars. At variance with average WDs with C/O
cores, these stars are expected to harbor cores made of He, since He ignition
is avoided. In particular, strong mass loss resulting from interactive binary
evolution is needed to explain the origin of the so-called ELM WDs, which
have masses below ∼ 0.18− 0.20M⊙
15 (see Sect. 2.2 and Althaus et al., 2013;
Istrate et al., 2016b, for details). In Fig. 13 we show the evolutionary tracks
of Althaus et al. (2013) for He-core LM and ELM WDs in the Teff − log g
diagram. Sequences with masses in the range 0.18 − 0.20 ∼< M⋆/M⊙ ∼< 0.4
experience multiple CNO-cycle flashes during the early-cooling phase, which
leads to the intricate loops in the diagrams. In the last decade, numerous
LM WDs, including ELM WDs, have been detected with the ELM Survey
and the SPY and WASP surveys (see Koester et al., 2009; Brown et al., 2010,
2012, 2013, 2016, 2017b; Maxted et al., 2011; Kilic et al., 2011, 2012, 2015;
Gianninas et al., 2014, 2015). We include in Fig. 13 the location of a sample
of LM and ELM WDs and pre-WDs with the aim of illustrating the region in
the logTeff − log g plane that is populated by these stars.
The possible existence of pulsations in ELMWDs was predicted by Steinfadt et al.
(2010) for the first time, by scaling of the thermal timescale at the basis
of the outer convective zone of their ELM WD models with surface grav-
ity. They found that, contrary to what happens in the case of ZZ Ceti stars
(M⋆ ∼> 0.50M⊙), in pulsating ELM WDs the g-mode pulsations should probe
the core regions of the WDs, by virtue that the eigenfunctions are not ex-
cluded from those regions due to the low degeneracy of ELM WDs. The long
time (several Gyr) that ELM WDs should spend at low effective temperatures
15 The definition of an ELM WD is still under debate. In the context of the ELM Survey
(Brown et al., 2010), an ELM WD is defined as an object with surface gravity of 5 ∼< log g ∼<
7 and effective temperature in the range of 8000 ∼< Teff ∼< 22 000 K (see, e.g., Brown et al.,
2016). Here (see also Co´rsico and Althaus, 2014a), we propose to define an ELM WD as a
WD that does not undergo H shell flashes, because in this way the pulsational properties
are quite different as compared with the systems that experience flashes, although this mass
limit depends on the metallicity of the progenitor stars (Serenelli et al., 2002; Istrate et al.,
2016b).
46 Co´rsico et al.
3
4
5
6
7
0.4352 Mo 0.3624 Mo 0.3205 Mo 0.2707 Mo 0.2389 Mo
3
4
5
6
7
0.2019 Mo
Lo
g 
g
01917 Mo 0.1863 Mo 0.1806 Mo 0.1762 Mo
3
4
5
6
7
44.55
0.1706 Mo
44.55
0.1650 Mo
44.55
0.1612 Mo
Log Teff
44.55
0.1554 Mo
Fig. 13 log Teff − log g diagrams showing the He-core WD evolutionary tracks computed
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stage.
(Teff ∼< 14 000 K) due to vigorous stable H burning via the pp chain, moti-
vated Steinfadt et al. (2012) to carry out a careful search for pulsating objects
with masses M⋆ ∼< 0.20M⊙, but with null results. Shortly after, Hermes et al.
(2012) reported the exciting discovery of the first pulsating ELM WD, SDSS
J184037.78+642312.3, the coolest and the lowest-mass pulsating WD at that
time, with Teff = 9100± 170 K, log g = 6.22± 0.06, and M⋆ ∼ 0.17M⊙. This
pulsating ELM WD —which is in a 4.6 hr binary system with another WD
star— exhibits high-amplitude, multi-periodic variability with periods in the
range 2000− 4900 s, compatible with intermediate- and high-order g modes.
The increasing interest in pulsating LM and ELM WDs led to the discovery
of more objects of this type. At present, eleven pulsating WDs of this kind
are known (Hermes et al., 2012, 2013d,b; Kilic et al., 2015, 2018; Bell et al.,
2017a, 2018; Pelisoli et al., 2018b). This number includes all the known and
suspected ELMV stars, that is, objects that show radial velocity (RV) vari-
ations confirming the binary nature expected for He-core WDs, and objects
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that do not16. This new class of variable stars has been designed as ELMV.
Note that both the pulsating LM WDs (0.18 − 0.20 ∼< M⋆/M⊙ ∼< 0.45) and
the pulsating ELM WDs (M⋆/M⊙ ∼< 0.18− 0.20) are designated by the com-
mon name of ELMVs. They are listed in Table 7, along with updated effective
temperatures and gravities (3D corrected; Tremblay et al., 2015), magnitudes,
and period ranges. We emphasize that Table 7 includes all —the known and
suspected— ELMV stars.
The existence of ELMV stars (red circles in Fig. 14) constitutes an unprece-
dented opportunity for probing their subsurface layers and ultimately to place
constraints on the currently accepted formation scenarios by means of astero-
16 According to Kilic et al. (2018), there are only four confirmed pulsating ELM WDs in
short-period binaries (which are the four that show RV variations), that occupy a similar
parameter space and there is no question about their nature as WDs. These are: SDSS
J1112+1117, SDSS J1518+0658, SDSS J1840+6423, and PSR J1738+0333. We have to add
SDSSJ1618+3854 to that list, based on Bell et al. (2018).
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seismology. Indeed, the importance of these stars has motivated intensive the-
oretical work to explore the basic nature of their pulsations (Steinfadt et al.,
2010; Co´rsico et al., 2012d; Van Grootel et al., 2013; Co´rsico and Althaus, 2014a,b,
2016; Calcaferro et al., 2017a,b, 2018b). In line with the pioneering work by
Steinfadt et al. (2010), Co´rsico and Althaus (2014a) concluded that for ELM
WDs, g modes mainly probe the core regions, while p and radial modes (if
excited) sound the stellar envelope. Hence, pulsations in ELMVs offer the rare
opportunity —in the context of pulsating WDs— to put constraints to both
the core and envelope chemical structure of these stars by means of astero-
seismology. In Fig. 15 we display the chemical profiles (upper panel) and the
propagation diagram (lower panel), for a representative ELMWD model char-
acterized by M⋆ = 0.1554M⊙ and Teff ∼ 9600 K. Fig. 16 shows the density
of kinetic energy of oscillation (dEkin/dr, normalized to 1) for dipole (ℓ = 1)
g and p modes with different values of the radial order k, for the same ELM
WD model. The fact that the Brunt-Va¨isa¨la¨ frequency adopts large values in
the core (Fig. 15) allows eigenfunctions of g modes to penetrate to those deep
regions of the star, where most of the kinetic energy of oscillation is concen-
trated (Fig. 16). On the other hand, in LM WDs, g modes are very sensitive
to the He/H compositional gradient (see Fig. 8 of Co´rsico and Althaus, 2014a)
and then, they could be employed as a diagnostic tool for constraining the H
envelope thickness, similar to ZZ Ceti stars.
Another important finding in this area is that time-dependent element dif-
fusion markedly modifies the shape of the He/H chemical transition region, and
in turn, has a strong impact on the g-mode pulsation spectrum of ELM WDs
(Co´rsico et al., 2012d; Co´rsico and Althaus, 2014a). The effects are weaker
—but still non-negligible— for LM WDs. Therefore, it is apparent that time-
dependent element diffusion must be taken into account in any pulsational
study of ELMV stars.
A detailed linear pulsation-stability analysis of ELMV stars has been car-
ried out by Van Grootel et al. (2013). These authors employed a sophisti-
cated treatment of TDC in their nonadiabatic pulsation computations, similar
to that applied by the same authors to ZZ Ceti and V777 Her stars (see
Van Grootel et al., 2012, 2017, and Section 3.4). The excitation mechanism is
the convective-driving mechanism. They obtained numerous excited g modes
with periods in a range that depends on the stellar mass. For instance, for a
0.2M⊙ model, the range of periods of the excited modes is ∼ 500 − 8000 s.
Their computations, based on envelope models, predict a blue edge of the
ELMV instability domain in good agreement with the observations. However,
as for ZZ Ceti and V777 Her stars, their calculations are unable to account
for the cool edge, which according to their predictions should be located at
Teff ∼ 5 500 K, i.e., much cooler than the observed one (Teff ∼ 7 900 K).
Instead, Van Grootel et al. (2013) estimate the location of the red edge by
requiring that the thermal timescale in the driving region at the base of the
H convection zone be equal to the critical period beyond which ℓ = 1 g modes
cease to exist. This estimation is based on the atmosphere energy-leakage argu-
ment elaborated by Hansen et al. (1985). This estimate indicates a theoretical
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red edge close to the observed one; however, it is not completely satisfactory,
because several ELMVs are cooler than the red edge predicted in that way. An-
other relevant result, that is in line with the previous findings of these authors
for the ZZ Ceti and V777 Her stars, is that the blue edge of the instability
domain of ELMVs does not change substantially if the FC approach is used
instead of the more physically sound TDC treatment. Again, it seems that the
interaction between pulsation and convection does not dramatically affect the
position in the logTeff − log g diagram at which the LM and ELM WDs begin
to pulsate.
Co´rsico and Althaus (2014b, 2016) have independently explored in detail
the instability strip of ELMV stars, based on the fully evolutionary low-mass
He-core WD models with H-pure envelopes of Althaus et al. (2013), and as-
suming the FC approximation for their nonadiabatic computations. In particu-
lar, Co´rsico and Althaus (2016) took into account three different prescriptions
for the MLT theory of convection and covered a wide range of effective tem-
peratures and stellar masses. For each model, the pulsation stability of radial
(ℓ = 0) and nonradial (ℓ = 1, 2) p and g modes was assessed. Their main
predictions are illustrated in Fig. 14, which shows the instability domain of
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ℓ = 1 g modes in the spectroscopic HR diagram due to the κ − γ mecha-
nism acting at the H-H+ partial ionization region, together with some selected
low-mass He-core WD evolutionary tracks (final cooling branches), and the
location of ELMVs (red circles). The instability domain is emphasized by a
gray region bounded by a dashed blue line corresponding to the blue edge of
the instability domain. Notably, the FC results of Co´rsico and Althaus (2016)
are in good agreement with the TDC results of Van Grootel et al. (2013) in
terms of the location of the blue edge of the ELMV instability strip. Similar
to Van Grootel et al. (2013), Co´rsico and Althaus (2016) did not find a red
edge of the instability strip consistent with the observed one. It is found that
the blue edge of the instability domain in the Teff − log g plane is hotter for
higher stellar mass and larger convective efficiency and that the blue edge of
p modes does not depend on the harmonic degree. However, in the case of g
modes, a weak sensitivity of the blue edge with ℓ is found. In addition, the
blue edges corresponding to radial and nonradial p modes are almost coinci-
dent with each other, and somewhat hotter (∼ 200 K) than the blue edges of
g modes. Finally, we emphasize that some short-period g modes can be desta-
bilized mainly by the ε mechanism due to stable nuclear burning at the basis
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of the H envelope, particularly for model sequences with M⋆ ∼< 0.18M⊙ (see
Co´rsico and Althaus, 2014b, 2016; Fontaine et al., 2017, for details).
It is worth mentioning that the ranges of unstable-mode periods predicted
by current stability analyses are in excellent agreement with the ranges of
periods observed in the ELMV stars (see, for instance, Figs. 10 to 17 of
Co´rsico and Althaus, 2016). However, for all the analyzed ELMVs, the number
of periods detected is alarmingly low in comparison with the rich spectrum of
periods of radial and nonradial p and g unstable modes expected from theoret-
ical stability analyses. Similar to other kinds of pulsating WDs, it is suspected
that an unknown mechanism should be at work in real stars that favors only
a few modes (out of the available dense spectrum of eigenmodes) to reach
observable amplitudes. Finding that missing piece of physics in the pulsation
models is a challenge for future research.
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Apart from ELMVs, multi-periodic pulsations in five objects that are sup-
posed to be precursors of LM and ELM WDs have been detected in the last
few years (Maxted et al., 2013, 2014b; Gianninas et al., 2016). These stars,
that typically have 8000 ∼< Teff ∼< 13 000 K and 4 ∼< log g ∼< 5.5, are repre-
sented in Fig. 17 as blue circles. They show a surface composition made of a
mixture of H and He, suggesting that some mechanism must be delaying (or
even inhibiting) the effects of chemical diffusion. They are called pre-ELMV
stars and constitute a new class of pulsating stars. Also, the discovery of long-
period (Π ∼ 800 − 4700 s) pulsations in five additional objects located at
the same region of the Teff − log g diagram has been reported. These stars
are represented with turquoise triangles in Fig. 17. The exact nature of these
pulsating stars is uncertain since they could be identified as pre-ELMVs or
as SX Phe and/or δ Scuti pulsating stars as well. In Table 8 we include an
updated compilation of the effective temperature, gravity, and range of ob-
served periods for all the known pre-ELMV stars, including those with an
indefinite identification. The data were extracted from Maxted et al. (2013,
2014b) and Gianninas et al. (2016) for the confirmed pre-ELMVs, and from
Zhang et al. (2016); Corti et al. (2016); Bell et al. (2018) and Pelisoli et al.
(2018b) for stars with ambiguous identification (pre-ELMVs or δ Scuti/SX
Phoenicis stars).
The first theoretical study exploring the pulsation stability properties of ra-
dial modes of static low-mass He-core pre-WDmodels was that of Jeffery and Saio
(2013). They were successful in identifying the instability boundaries associ-
ated with radial modes characterized by low-to-high radial orders, and showed
that they are very sensitive to the chemical composition at the driving region.
In particular, these authors found that the modes are excited by the κ−γ mech-
anism operating mainly in the second He ionization zone (He+−He++), pro-
vided that the driving region is depleted in H. Co´rsico et al. (2016a) extended
the work of Jeffery and Saio (2013) by analyzing the pulsational stability of ra-
dial and nonradial p and g modes with periods in the range 10 s ∼< Π ∼< 20 000
s, on the basis of He-core, low-mass pre-WD evolutionary models. In Fig. 17 we
show with a dashed blue line the nonradial ℓ = 1 blue edge of the pre-ELMV
instability domain (gray area) due to the κ− γ mechanism acting at the He+-
He++ partial ionization region (log T ∼ 4.7). Non-diffusion low-mass He-core
pre-WD evolutionary tracks are displayed with dotted curves. The results of
Co´rsico et al. (2016a) for radial modes (not shown) are in good agreement
with the predictions of Jeffery and Saio (2013). At Teff ∼< 7800 K there is also
a non-negligible contribution to mode driving due to the He-He+ and H-H+
partial ionization zones (log T ∼ 4.42 and logT ∼ 4.15, respectively). The blue
edge for ℓ = 2 modes (not shown) is slightly (∼ 10 − 30 K) hotter than the
ℓ = 1 blue edge. The location of the blue edges does not depend on the pre-
scription for the MLT theory of convection adopted in the equilibrium models,
at variance with what happens in the case of ELMVs. The blue edge of radial
modes is substantially cooler (∼ 1000 K) than for nonradial modes. The na-
ture of the pulsation modes excited in pre-ELMV stars has been established as
being high-frequency p modes and intermediate-frequency “mixed” p-g modes
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(Scuflaire, 1974). These modes behave like g modes in the inner parts of the
star and like p modes in the outer parts. This is due to the very peculiar shape
of the Brunt-Va¨isa¨la¨ frequency profile in the inner regions of the star (see Fig.
2 and 3 of Co´rsico et al., 2016a).
The theoretical computations of Co´rsico et al. (2016a) account for the ex-
istence of some of the known pre-ELMVs, including the observed ranges of ex-
cited periods. As an example, in Fig. 18 we show the case of WASP J1628+10B.
In this figure, we depict the theoretical periods of unstable dipole modes in
terms of Teff with the values of the logarithm of the e-folding time, corre-
sponding to sequences with M⋆ = 0.1706M⊙ and M⋆ = 0.1763M⊙. The most
unstable modes (smaller e-folding times) have the shorter periods. The pul-
sation periods of WASP J1628+10B are marked with horizontal segments.
Note that the two periods of this star are well accounted for by the theo-
retical predictions at the right effective temperature. The computations of
Co´rsico et al. (2016a), however, fail to predict pulsations in three pulsating
objects: WASP0247, SDSSJ1157, and SDSS0756 (the hottest ones, see Fig.
17). This is intimately linked to the abundance of He at the driving zone; i.e.,
larger He abundances at the envelope of the models are required in order for
the blue edge to be hotter, so as to include these three stars within the in-
stability domain. This could be achieved by adopting different masses for the
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initial donor star in the original binary system. That could lead to low-mass
pre-WD models with different He abundances at their envelopes.
The results described above are derived from computations in which el-
ement diffusion is not allowed to operate. When element diffusion is consid-
ered in the pre-ELM WD models, the driving region is quickly depleted of
He by virtue of gravitational settling, and hence the instability region in the
Teff− log g plane shrinks. In this case, none of the known pre-ELMVs is within
the instability region. This very important result strongly suggests that ele-
ment diffusion should not be operative in the low-mass pre-WD stage. This is
a necessary condition also for pre-ELMVs to have envelopes with mixed H and
He, as observed (Gianninas et al., 2016). In order to prevent (or diminish) the
effects of element diffusion, two main factors could be playing a role, namely
stellar winds and/or stellar rotation. This interesting issue has been recently
addressed by Istrate et al. (2016a), who demonstrated that rotational mixing,
which counteracts gravitational settling, can maintain a sufficient amount of
He within the driving region of the pre-ELM WDs. In this way, He can drive
pulsational instabilities with periods that are in line with the observed periods.
These authors point out that, by the time such a star enters its cooling track,
gravitational settling overcomes rotational mixing, allowing the formation of
a pure H envelope. At this point, the star is able to develop pulsation g modes
due to the partial ionization of H, becoming an ELMV variable star. According
to this scenario, it is expected that the ELMVs are rotating, and that rotation
should be evidenced in splittings of the pulsation frequencies. However, no
rotational-splitting signals have yet been detected in the pulsation spectrum
of any ELMV star.
Very interesting research about the evolutionary and pulsational properties
of WASP 0247−25B, a pre-ELMV star component of the double-lined eclipsing
system WASP 0247−25, was presented by Istrate et al. (2017). Maxted et al.
(2013) provided fundamental parameters of this star at a unique level of preci-
sion. By employing state-of-the-art evolutionary models that take into account
rotational mixing and diffusion processes along with a comprehensive stability
pulsation analysis, Istrate et al. (2017) were able to find a stellar model that
closely reproduces observed properties of the star such as stellar mass, orbital
period, surface gravity, effective temperature, surface chemical composition,
and also the pulsation periods detected in the star. This reinforces the va-
lidity of the pre-ELM WD models of Istrate et al. (2016a) that incorporate
rotational mixing.
An aspect of crucial importance in the investigation of low-mass WDs is
the precise identification of the individual stars, either as precursor objects
of WDs (pre-WDs) or as stars that have already entered their WD cooling
tracks. According to theoretical models (Althaus et al., 2013; Istrate et al.,
2016b), low-mass WDs cool more slowly than low-mass pre-WDs. On these
grounds, it is expected that ELMVs should exhibit smaller rates of period
change, Π˙ (≡ dΠ/dt), than pre-ELMVs. Hence, the eventual measurement
of the rate of period change for a given pulsating star in the region of the
logTeff− log g diagram populated by ELMVs and pre-ELMVs could be poten-
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Fig. 19 Upper-left panel: absolute value of the maximum Π˙ value in terms of the stellar
mass corresponding to radial modes (ℓ = 0) with selected radial orders k, for low-mass WD
models with effective temperatures in the range 8000 ∼< Teff ∼< 10000 K. Upper-right panel:
same as in the upper left panel, but for ℓ = 1 p modes. Lower panel: same as in the upper
left panel, but for ℓ = 1 g modes.
tially useful to know its evolutionary stage. Also, a measurement of Π˙ could
help to distinguish ELM WDs (M⋆ ∼< 0.18 − 0.20M⊙), that have thick H en-
velopes and long cooling timescales, from LM WDs (M⋆ ∼> 0.18 − 0.20M⊙),
characterized by thinner H envelopes and shorter cooling timescales. On the
other hand, some of these stars may be headed towards a CNO-cycle flash,
and thus have much larger —and more easily detectable— Π˙ values. Also, in
view of the systematic difficulties in the spectroscopic classification of stars
of the ELM Survey (Bell et al., 2017a), an eventual measurement of Π˙ could
help to confirm that a given pulsating star is an authentic low-mass WD and
not a star at a different evolutionary stage.
Calcaferro et al. (2017a) have carried out a comprehensive analysis of the
secular rates of period change theoretically expected in ELMV and pre-ELMV
stars, as well as WD precursors that are evolving at stages prior to the de-
velopment of CNO-cycle flashes during the early cooling phase. For the case
of ELMVs, we show in Fig. 19 the maximum absolute value expected for the
rate of period change, |Π˙max|, as a function of M⋆, for ℓ = 1 g and p modes,
and also for radial modes (ℓ = 0), for selected values of the radial order k,
covering the range of periods typically observed in ELMV stars. In the case of
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Table 13 Absolute value of the maximum expected rates of period change, |Π˙max| (s/s),
and the sign — that indicates that the periods are decreasing or increasing with time—
for nonradial ℓ = 1 g and p modes (and p− g mixed modes for pre-ELMVs) corresponding
to low-mass WD and pre-WD models and also objects evolving just before the CNO-cycle
flashes.
Evolutionary phase |Π˙max| |Π˙max| |Π˙max|
g modes p− g modes p modes
pre-WD (pre-ELMVs) ∼ 3× 10−13 (< 0) ∼ 5× 10−12 (< 0) ∼ 3× 10−12 (< 0)
pre-CNO-cycle flashes ∼ 3× 10−11 (< 0) · · · ∼ 2× 10−13 (> 0)
WD (ELMVs) ∼ 8× 10−14 (> 0) · · · ∼ 8× 10−15 (< 0)
g modes, which are the modes that have been detected so far in these stars 17,
there is a clear distinction in the magnitude of |Π˙max| depending on whether
M⋆ ∼< 0.18M⊙ or M⋆ ∼> 0.18M⊙. Specifically, the rates of period change for
ELM WDs are about ten times smaller than for more massive models. In
contrast, for radial modes and p modes there is no clear differentiation in
|Π˙max| between models, no matter than the mass satisfies M⋆ ∼< 0.18M⊙ or
M⋆ ∼> 0.18M⊙. Also, the |Π˙max| values are systematically larger for g modes
as compared with radial and p modes.
In Table 13, adapted from Calcaferro et al. (2017a), we show the maximum
expected rates of period change (absolute value) for dipole g, p, and p−g mixed
modes (in the case of pre-ELMVs) for low-mass WD and pre-WD models and
also objects that are expected to be briefly residing in stages prior to flashes.
We envisage that any future measurement of Π˙ for a given pulsating low-
mass pre-WD or WD star could help to establish its evolutionary status. For
instance, it could be possible to distinguish a star that is in its pre-WD phase,
if it is evolving in stages just prior to a H flash, or if it is already settled on its
final cooling stage as a WD. Although less likely, it would also be possible to
discriminate whether or not an ELMV star is an ELM or an LM WD. Finally,
a measured value of Π˙ larger than ∼ 10−10 s/s would mean that the object is
still evolving quickly between CNO-cycle flashes.
We close this section by briefly describing the first attempts of astero-
seismology of ELMV stars. A detailed asteroseismological study of all the
known and suspected ELMV stars based on the low-mass He-core WD mod-
els of Althaus et al. (2013) was presented by Calcaferro et al. (2017b). Despite
ELMVs exhibiting very few periods and the period-to-period fits showing mul-
tiple solutions, they found that it is still possible to find asteroseismological
models with M⋆ and Teff compatible with the values derived by spectroscopy
for most cases. Due to the scarcity of periods generally exhibited by these
stars, it is not feasible to assess the mean period spacing to constrain the
stellar masses. A step forward in asteroseismology of ELMVs was given by
Calcaferro et al. (2018b) who redid the asteroseismological analysis of these
17 Hermes et al. (2013d) reported the discovery of short-period pulsations compatible with
p modes or radial modes in an ELMV WD (SDSS J111215.82+111745.0), but this needs to
be confirmed with further observations.
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stars but this time expanding the parameter space, i.e., adopting the thick-
ness of the H envelope (MH/M⋆) as a free parameter, in addition to M⋆ and
Teff . They found again multiple asteroseismological solutions in all the cases,
something that could be due to the few periods exhibited by these stars. Only
with the inclusion of external constraints, that is, the effective temperature
and surface gravity derived from spectroscopy, was it possible to adopt an
asteroseismological model or a family of solutions for each star. Interestingly
enough, some of the stars analyzed are better represented by asteroseismolog-
ical models that harbor thin H envelopes. In connection with this finding, it
is predicted that stable mass transfer during the binary evolution of the ELM
WD progenitors leads to the formation of ELM WDs with thick H envelopes.
However, the formation of ELM WDs with thinner H envelopes from unstable
mass loss cannot be discarded. The results of Calcaferro et al. (2018b) seem to
reinforce the idea that this scenario of formation could work in practice, and
that the existence of ELM WDs (M⋆ ∼< 0.18− 0.20M⊙) with thin H envelopes
is possible. Such WDs would not have residual H burning and thus should cool
very quickly. Hence, they should have had time enough to cool down to very
low effective temperatures (up to Teff ∼ 2500− 3000 K; see Calcaferro et al.,
2018a).
Going back to the issue of asteroseismology of ELMV stars, we conclude
that with the current sets of observed periods of ELMVs, it is not possible
to find a unique asteroseismological solution for each star without invoking
the spectroscopic determination of Teff and log g. The situation gets worse if
one or more periods are affected by large uncertainties. Since a complete set of
state-of-the-art evolutionary models representative of He-core ELMWDs with
different H-envelope thicknesses is employed, it is likely that a limit regarding
the possibility of the asteroseismological approach to find a representative
model in order to infer the internal structure of these stars has been reached.
This implies the urgent necessity of detecting more pulsation modes in these
stars in order to make more robust asteroseismological inferences. On the other
hand, the discovery of additional ELMV stars is also a pressing need in order
to better determine their internal structure and the nature of their progenitors.
3.7 Blue Large-Amplitude Pulsators (BLAPs)
Recently, a new class of pulsating stars, the Blue Large-Amplitude Pulsators
(BLAPs; Pietrukowicz et al., 2017), was discovered in the Optical Gravita-
tional Lensing Experiment (OGLE; Udalski et al., 2015). The object named
OGLE-BLAP-001 was the first BLAP star discovered, becoming the prototyp-
ical member of the class. It was originally misclassified as a δ Scuti variable
star (OGLE-GD-DSCT-0058). At the time of writing this review, 14 BLAPs
are known. BLAPs have been discovered only in the Galactic disk and bulge
(high-metallicity environments), but not in the low-metallicity environment
of the Magellanic Clouds (Pietrukowicz, 2018). These variables have not been
observed in globular clusters nor in the Galactic halo. It seems that high metal-
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licity is a crucial ingredient in these pulsating stars, and this is confirmed by
the theoretical models. BLAPs are very hot stars, with an average effective
temperature of Teff ∼ 30 000 K. Their effective temperature and colour change
over a complete pulsation cycle, confirming that their variability is due to
pulsations. Their lightcurves are similar to those of classical pulsators like
Cepheid- and RR Lyrae-type stars that exhibit just the radial fundamental
mode (ℓ = 0, k = 0), show large amplitudes (0.2 − 0.4 mag) and short pe-
riods (∼ 1200 − 2400 sec). The pulsation periods of BLAPs show a secular
drift with typical values of Π˙/Π = d(logΠ)/dt = 10−7 yr−1, both positive
(increasing periods) and negative (decreasing periods). The magnitudes of the
rate of period change suggest that BLAPs are stars that are evolving on nu-
clear timescales. Finally, BLAPs exhibit envelopes made of a mixture of H
and He. In Fig. 20 we show the location of some BLAPs with available at-
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mospheric parameters in the Teff − log g diagram. For comparison, we also
plot the location of other classes of known pulsating stars. Notably, BLAPs
populate a region of the diagram not occupied by any category of pulsating
stars previously studied. Indeed, they have effective temperatures that may
be approached by the hottest β Cep stars (not included in Fig. 20), but are
also much fainter; BLAPs are much hotter than pre-ELMVs, δ Scuti/SX Phe
stars, and roAp stars, although they share similar surface gravities; BLAPs
have similar Teff as pulsating sdB stars, but are much less compact; finally,
BLAPs are much hotter and less compact than ELMVs. Gaia Data Release
2 (DR2; Gaia Collaboration et al., 2018b) has measured the parallax of 10
BLAPs, 6 of which have absolute magnitudes and intrinsic colours consistent
with the temperature derived with optical spectra and theoretical predictions,
whereas 4 stars have properties which appear different and may correspond to
other types of pulsating variables (Ramsay, 2018).
The peculiar characteristics of these pulsating stars —they show very high
amplitudes that are unusual in very hot pulsating stars, they exhibit short
periods and small rates of period change— pose a challenge to the theory
of stellar evolution and pulsations (Pietrukowicz et al., 2017). No evolution-
ary/pulsational model has been proposed up to now that explains entirely the
existence and the pulsational properties of BLAPs. At the outset, the evolution
of single isolated low-mass stars has to be discarded to explain BLAPs, because
the evolutionary timescales involved in such a scenario should be much longer
than the Hubble time. Instead, Pietrukowicz et al. (2017) have proposed that
binary-star evolution through stable mass transfer and/or common envelope
ejection could be a plausible evolutionary channel for these intriguing pulsat-
ing stars. Pietrukowicz et al. (2017) examined two possibilities: (i) BLAPs are
He-core, H shell burning low-mass stars (∼ 0.30M⊙), or (ii) BLAPs are core
He-burning stars (∼ 1.0M⊙).
The first detailed evolutionary and pulsational study focused on the evo-
lutionary origin and the nature of BLAPs was that of Romero et al. (2018).
They examined in detail the possibility that BLAPs are hot He-core, H shell
burning low-mass pre-WD stars with masses ∼ 0.30M⊙ coming from binary
star evolution. In Fig. 20 we display the evolutionary tracks of Althaus et al.
(2013) (element diffusion not considered) corresponding to Z = 0.01 for M⋆ =
0.3208, 0.3419 and 0.3603M⊙ evolving models. The location of the four BLAPs
with known atmospheric parameters (Teff and g) is nicely accounted for by
the evolutionary tracks, suggesting that the scenario studied by Romero et al.
(2018) is a plausible one. The next step taken by these authors was to try to
identify the type of pulsation modes responsible for the pulsations observed
in BLAPs. Specifically, they examined the possibility that periods of radial
(ℓ = 0) modes and/or nonradial (ℓ > 0) p and g modes match the periods of
oscillation of BLAPs. They found that the periods of the fundamental radial
mode or the first overtone (k = 0, 1), and the periods of high radial order
(25 ∼< k ∼< 50 for ℓ = 1) g modes of solar-metallicity low-mass He-core pre-WD
models (M⋆ ∼ 0.32M⊙, Teff ∼ 31000 K, log g ∼ 4.8), are compatible with the
periodicities detected in BLAPs. When tested for pulsational stability, these
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Fig. 21 Left panel: periods of the unstable fundamental (k = 0) radial mode (ℓ = 0) in
terms of Teff for pre-WD models of the indicated masses and Z = 0.05. The palette of colors
at the right scale indicates the value of the logarithm of the e-folding time (in yrs). The
e-folding times range from ∼ 10−3 to ∼ 103 yr, much shorter than the typical evolutionary
timescales at that stage of evolution. The horizontal lines correspond to the periods detected
in BLAPs. Right panel: same as in the left panel, but for the case of nonradial g modes with
ℓ = 1 and a range of radial orders k.
stellar models proved inadequate since all the pulsation modes with periods
compatible with those of the BLAPs are globally stable, although substantial
driving due to the κ mechanism acting at the location of the Z bump of the
Rosseland opacity was found. This driving guided the authors to investigate
template models with higher metallicity, finding that for representative models
with Z = 0.05, the radial fundamental mode and nonradial g modes with the
right periods are unstable, confirming the need for high metallicity (see below)
as a necessary condition to explain the pulsations of BLAPs. The limits of the
theoretical instability domain of BLAPs associated to ℓ = 1, 2 g modes and
the radial fundamental mode corresponding to stellar models with Z = 0.05
are displayed with thick red lines in Fig. 20.
In Fig. 21 we show the domains of instability of BLAPs in the Teff −
Π diagram for radial and nonradial dipole modes corresponding to different
values of the stellar mass. Similar results are found for quadrupole modes
(not shown). In the case of radial modes (left panel), only the fundamental
mode is unstable. The observed periodicities (1200 ≤ P ≤ 2400) s are well
accounted for by the theoretical computations considering a range of stellar
masses (0.33 ≤ M⋆/M⊙ ≤ 0.36). The radial fundamental modes are the most
unstable ones among the studied cases (ℓ = 0, 1). In fact, they are destabilized
during very short times (e-folding times) as compared with the evolutionary
timescales at that stage of evolution.
The pulsation analysis of Romero et al. (2018) suggests that the pulsations
of the BLAPs are better explained by the excitation of the fundamental radial
mode in these stars. Indeed, the fundamental radial mode has the correct
period, it is pulsationally unstable in the range of effective temperatures of
interest, and it is more unstable than the nonradial g modes. This conclusion
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is reinforced by the fact that BLAPs exhibit a singlemode with large amplitude
in the lightcurves, reminiscent of typical radial fundamental-mode pulsations.
It cannot be discarded, however, that the pulsations of BLAPs correspond to
nonradial g modes, and that the fact that only one period is detected is due
to just an insufficient observing time. On the other hand, evidence in favor
of the interpretation of g modes comes from the comparison of the rates of
period change of BLAPs —measured by Pietrukowicz et al. (2017)— with the
theoretical expectations for radial and nonradial modes. Indeed, Co´rsico et al.
(2018) have shown that the Π˙/Π values of nonradial g modes with high radial
order k are in much better agreement with the values measured in BLAPs
than the fundamental radial mode. Clearly, the exact nature of the pulsation
modes responsible for the variability of BLAPs remains a matter of debate.
In closing this section, we mention the issue of the puzzling super-solar
metallicity required to drive pulsation modes through the κ mechanism. In the
models of Romero et al. (2018), the metallicity is globally augmented to have
an enhanced Z bump in the Rosseland opacity. However, it would be possible
to find instability with a local enhancement of the opacity at the location of
the Z bump in the star. This issue has been addressed by Byrne and Jeffery
(2018), who examined the pulsation instability of radial modes of single-star
evolution models of post-RGB stars that have undergone a common envelope
ejection in the form of a high mass-loss rate. These authors have included
the effects of radiative levitation which leads to mode excitation by the κ
mechanism at Teff values comparable to those of BLAPs and the right period
interval. By comparing with the observations, Byrne and Jeffery (2018) favor
models with ∼ 0.31M⊙ as the more likely candidates for BLAPs, in very good
agreement with the scenario proposed by Romero et al. (2018). Furthermore,
and more importantly, the proposal of Romero et al. (2018) that the Z bump
(iron and nickel) in the opacity is responsible for the excitation of pulsations
in BLAPs is confirmed by the more detailed radiative-levitation calculations
carried out by Byrne and Jeffery (2018).
3.8 The sdA problem
In the course of the analysis of the Sloan Digital Sky Survey (SDSS) Data
Release 12 (DR12), thousands of objects showing H-rich spectra and sub-MS
surface gravities (4.75 ∼< log g ∼< 6.5), but effective temperatures lower than
the ZAHB (Teff ∼ 10 000 K), were identified and classified with the spectral
class of subdwarf A stars (“sdAs”; Kepler et al., 2016b). The evolutionary
origin of the sdAs has been elusive since their discovery. Brown et al. (2017a)
suggested that sdAs could be mainly metal-poor A/F stars in the halo with
an overestimated log g value, due to the use of pure H atmospheres to fit
the spectra of these objects. However, Pelisoli et al. (2018a) showed that the
addition of metals to the H atmosphere models does not necessarily lower the
estimated log g value. At present, it is understood that sdAs consist of multiple
populations, including byproducts of binary evolution (blue-stragglers, ELM
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WDs, and their precursors, pre-ELM WDs), metal-poor A/F dwarfs, or even
stars accreted from dwarf galaxies. Preliminary constraints on sdA radii using
parallaxes from Gaia DR2 suggest that at least dozens of sdAs are ELM WDs
or their precursors (Pelisoli et al., 2019).
A promising avenue to study the origin and nature of sdAs is to look for
pulsational variability in objects of this category. Indeed, the pulsation proper-
ties exhibited by any sdA star could help to understand their internal structure
and evolutionary phase. Bell et al. (2018) carried out photometric campaigns
targeting 24 sdA stars classified from SDSS spectra. They found 7 new pul-
sating stars, which show pulsation characteristics of ELMVs, pre-ELMVs, δ
Scuti and even “RR Lyrae-like” pulsators18. Also, Pelisoli et al. (2018b) ob-
tained time-series photometry for 21 sdAs, and found 7 new photometrically
variable stars, one of which with pulsation characteristics of ELMV stars. The
diversity in pulsation properties of the variable sdAs supports the idea that
this population comes from a mixture of formation and evolution scenarios.
Also, it seems that the fraction of variable stars among the sdAs is large,
something that could be exploited by asteroseismology to shed some light on
their internal structure and evolutionary status.
3.9 WD pulsators as cosmic laboratories for fundamental physics
WD asteroseismology constitutes a novel tool for applications of WDs to fields
beyond stellar astrophysics. A vivid example of this is the application of pul-
sating WDs to constrain properties of elementary particles and to test the
possible variation of fundamental constants. In this Section, we summarize
the use of pulsating WDs to assess stringent constraints on the mass of the
axions, the magnetic dipole moment of the neutrino, and the secular rate of
variation of the gravitational constant, G. For a background about the appli-
cation of stars to the study of weakly interacting particles and the possible
drift of fundamental constants, we recommend the reader consult the excellent
review articles by Raffelt (1990) and Garc´ıa-Berro et al. (2007), respectively.
The application of pulsating WDs to study theories with large extra dimen-
sions, WIMPs (weakly interacting massive particles), axions and the possible
time variation of G has been discussed by Malec and Biesiada (2013) (see,
also, Biesiada and Malec, 2002, 2003).
3.9.1 Upper bounds on the axions mass
Axions are hypothetical pseudo Nambu-Goldstone bosons (that is, bosons with
a tiny mass; Raffelt, 1996) that were postulated by Peccei and Quinn (1977),
Weinberg (1978), and Wilczek (1978) to solve the long-standing problem in
particle physics known as the “strong CP problem” (Kim and Carosi, 2010).
The strong CP problem consists of non-violation of the charge-parity (CP)
18 They have been called “binary evolution pulsators” by Smolec et al. (2013).
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symmetry19 in strong interactions. The breaking of this symmetry is predicted
by quantum chromodynamics (QCD)20. At present, axions are the focus of a
plethora of theoretical and experimental investigations aimed at proving their
existence (Irastorza and Redondo, 2018). Despite much effort, this elusive par-
ticle has not yet been detected. Giannotti (2017), Giannotti et al. (2017), and
Hoof et al. (2019) present updated accounts of observational hints from as-
trophysics pointing to the existence of stellar energy losses beyond the ones
accounted for by neutrino emission, and future experiments aimed at detecting
axions. A property of utmost importance of axions is the axion mass (ma).
The importance of knowing the mass of the axion lies in the fact that, depend-
ing on its value, they could contribute substantially or not to the cold dark
matter of the Universe. Axions are electrically neutral, and they interact very
weakly with normal matter and radiation. There exist several axion models,
the most important one in the WD context being the DFSZ model (Dine-
Fischler-Srednicki-Zhitnitsky; Zhitnitsky, 1980; Dine et al., 1981), where ax-
ions couple to charged leptons like electrons with a strength defined by the
dimensionless coupling constant, gae, being gae = 2.8×10
−14 ma cos
2 β, where
cosβ is undetermined.
Since the axion mass is not predicted by the theory that postulates its
existence (Raffelt, 2007), it must be derived from either terrestrial experi-
ments (Redondo, 2016), or indirectly by using well-studied properties of stars
(Vysotsky et al., 1978; Raffelt, 1996). Here, we describe how pulsating WDs
can be used to constrain ma. The degenerate cores of WDs contain plenty of
free electrons (Althaus et al., 2010b), therefore axions would be abundantly
produced in their interiors (Raffelt, 1986). In stars, the energy drain by weakly
interacting particles (such as axions) is equivalent to a local energy sink. In-
deed, the stellar energy generation rate can be written εeff = εnuc − εν − εa,
where εnuc is the nuclear burning rate, εν is the neutrino loss, and εa is the
axion loss. Since WDs are strongly degenerate and generally do not have rel-
evant nuclear energy sources (εnuc = 0)
21, their evolution consists of a slow
cooling process in which the gravothermal energy release is the main energy
source regulating their evolution (Mestel, 1952). Thus, in WDs the emission
of axions means speeding up the cooling, with observable consequences. The
axion emission rate in WDs is εa ∝ g
2
ae, with Bremsstrahlung processes be-
ing the dominant mechanism. Therefore, the more massive the axions are, the
larger the axion emission is. Since axions can freely escape from the interior
of WDs, their emission would accelerate cooling, with more massive axions
producing larger cooling rates. In the case of pulsating WDs, the cooling of
the star is reflected by a secular change of the pulsation periods. The rate of
19 The CP symmetry establishes that the laws of physics should be the same if particles
were replaced with their antiparticles (C symmetry) and their spatial coordinates were
inverted (P symmetry) (Luders, 1954; Pauli et al., 1955).
20 The name of axion comes from the Axion laundry detergent, and was introduced by
Frank Wilczek “to clean QCD from the CP problem”.
21 Exceptions to this assertion are WDs coming from low-metallicity progenitors
(Miller Bertolami et al., 2013; Althaus et al., 2015) and ELM WDs (Althaus et al., 2013).
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Fig. 22 Rate of period change for the mode with ℓ = 1, k = 2 of the asteroseismological
model of G117−B15A (solid blue curve with dots) in terms of the axion mass. Dashed curves
represent the errors in Π˙ due to internal uncertainties in the asteroseismological procedure.
The horizontal green lines indicate the observed value with its corresponding uncertainties.
period change (Π˙/Π) is connected to the rate of change of the core temper-
ature (T˙ /T ) and the rate of variation of the stellar radius (R˙⋆/R⋆) through
the order-of-magnitude relation: Π˙/Π ≈ −(T˙ /T ) + (R˙⋆/R⋆) (Winget et al.,
1983). For ZZ Ceti and V777 Her stars, T˙ < 0 and R˙⋆ ≈ 0, so that Π˙ > 0
and the periods should lengthen with cooling, something that is confirmed by
observations.
If a pulsating WD emits axions, then it should cool faster than otherwise
expected, with the acceleration of cooling being proportional to the mass of
the axion. The enhancement of cooling of the WD should be reflected in a
larger rate of period change. This is the principle by which it is possible to
infer constraints on the mass of the axion through pulsating WDs. This ap-
proach was first employed by Isern et al. (1992) considering the archetype ZZ
Ceti star G117−B15A. They assessed the rate of period change of the largest
amplitude mode (Π ∼ 215 s) of this star by means of a semi-analytic treat-
ment considering the evolution of DA WDs with and without axion emission,
and compared the theoretical values of Π˙ for increasing values ofma to the ob-
served rate of change of period with time of G117−B15A. They found that in
order to match the observed Π˙ , the axion mass should be ma cos
2 β ≤ 8.7 meV
(gae ≤ 2.4 × 10
−13). Later, the approach was refined by Co´rsico et al. (2001)
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and Bischoff-Kim et al. (2008b) considering detailed asteroseismological anal-
yses of G117−B15A, and obtaining ma cos
2 β ≤ 4.4 meV (gae ≤ 1.2× 10
−13)
and ma cos
2 β ≤ 26.5 meV (gae ≤ 7.4×10
−13), respectively. The asteroseismo-
logical models for G117−B15A employed in those works, however, were not
robust enough, and the observed values of the rate of period change had large
uncertainties. The situation strongly improved with a new measurement of
the observed value of Π˙ for this star ((4.19± 0.73)× 10−15 s/s; Kepler, 2012),
and a new asteroseismological model for G117−B15A (Romero et al., 2012).
Armed with these new determinations, Co´rsico et al. (2012b) obtained a new
upper bound of the axion mass. In Fig. 22 we show the rate of period change
for the mode with period of ∼ 215 s (ℓ = 1, k = 2) of the asteroseismological
model for G117−B15A derived by Romero et al. (2012) in terms of the axion
mass, where the errors in Π˙ due to only internal uncertainties in the astero-
seismological procedure are included. The true uncertainties of the theoretical
Π˙ could be larger if the uncertainties in the WD previous evolution were taken
into account (see De Gero´nimo et al., 2017, 2018). The observed value with its
uncertainties is also plotted. The comparison of the theoretical rate of period
change associated to the asteroseismological model with the observed one sug-
gests the existence of an additional cooling mechanism in this pulsating WD,
consistent with axions of mass of ma cos
2 β ≤ 17.4 meV (gae ≤ 4.9 × 10
−13).
This is similar to the constraint obtained from RGB stars in globular clusters
(gae ≤ 4.3× 10
−13, Viaux et al., 2013a).
Similar analyses have been carried out considering other ZZ Ceti stars for
which the rate of period change has been measured. Specifically, Co´rsico et al.
(2012c) obtained an upper limit of ma cos
2 β ≤ 17.1 meV (gae ≤ 4.8× 10
−13)
considering the prototype ZZ Ceti star R548 from the rate of period change
for the mode with period ∼ 212 s measured by Mukadam et al. (2013), Π˙ =
(3.3 ± 1.1) × 10−15 s/s. A third ZZ Ceti star, L19−2, was employed to infer
an upper bound for the axion mass. Indeed, Co´rsico et al. (2016b) derived
ma cos
2 β ≤ 25 meV (gae ≤ 7 × 10
−13) from the value of the rate of period
change of the modes with periods 113 s and 192 s of Π˙ = (3.0 ± 0.6) ×
10−15 s/s measured by Sullivan and Chote (2015). A fourth pulsating WD,
the V777 Her star PG 1351+489, has been scrutinized for a rate of period
change. Redaelli et al. (2011) have measured a preliminary value of the rate of
period change of Π˙ = (2.0± 0.9)× 10−13 s/s for the period at ∼ 490 s of this
star, and this value has has been employed by Battich et al. (2016) to constrain
the axion mass: ma cos
2 β ≤ 19.5 meV (gae ≤ 5.5×10
−13). An alternative way
to present the results of the axion analyses from WD pulsations is in terms of
α26 = (gae/10
−13)2/4π, rather than in terms of gae orma. In fact, the emission
rate is proportional to g2ae. In Table 14 (M. Giannotti, private communication)
we depict the 1σ and 2σ intervals of α26 for G117−B15A (Romero et al., 2012),
R548 (Co´rsico et al., 2012c), L19−2 (Co´rsico et al., 2016b), and PG1351+489
(Battich et al., 2016).
Another method to determine the mass of the axion employs the WD lu-
minosity function (WDLF), which is defined as the number of WDs per unit
bolometric magnitude and unit volume. The shape of the WDLF is sensitive
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Table 14 1σ and 2σ intervals in α26 as inferred from the WD pulsation analyses.
Star Π (s) α26 1σ 2σ
G117−B15A 215 1.89 0.48 0.95
R548 212 1.84 0.93 1.85
L19−2 113 2.08 1.35 2.70
L19−2 192 0.50 1.21 2.43
PG1351+489 490 0.36 0.38 0.76
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Fig. 23 Upper limits for the axion mass from pulsating WDs and from the WDLF.
to the characteristics of the cooling of WDs. This was exploited by Isern et al.
(2008) who found that when axion emission is included in the WD models,
the agreement between the theoretical and the observed WDLFs significantly
improves (Isern et al., 2008, 2009). More recent work employs new WDLFs
of the Galactic disk and state-of-the-art theoretical WD cooling sequences
(Miller Bertolami et al., 2014). A tight constraint for the axion mass has been
obtained by Hansen et al. (2015) from the WDLF of the globular cluster 47
Tucanae, ma ≤ 4.1 meV (gae ∼ 8.4 × 10
−14) to a 95 % confidence limit. On
the other hand, Isern et al. (2018) have computed the theoretical WDLF of
the thin and thick disk, and of the stellar halo including axion emission, and
compared them with the existing observed WDLFs. All these studies do not
discard the existence of extra-cooling in WDs, compatible with axions with
an upper limit for the mass of ∼ 10 meV (gae ∼ 2.4× 10
−13). We summarize
the most recent DFSZ axion-mass limits derived from pulsating WDs as well
as employing the WDLF in Fig. 23. The WDLF approach seems to discard
axion masses larger than ∼ 10 meV (in agreement with the SN1987A determi-
nation), so, this method seems to be more stringent than that using pulsating
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WDs (axion masses ∼< 25 meV). However, there exist important uncertain-
ties in the determination of the asteroseismological models, connected with
the prior evolution of WDs and the microphysics (EoS, opacities), and also
large uncertainties in the theoretical and observed WDLFs. Therefore, taking
into account the uncertainties affecting both approaches, the results obtained
from the WDLF and asteroseismological models of pulsating WDs are com-
patible. We conclude from both independent methods that the existence of
extra-cooling in WDs, compatible with the emission of axions with masses
lower than ∼ 10 − 25 meV cannot be discarded. Both methods are expected
to become more precise with more pulsating WDs having Π˙ measured (for
instance, through the TESS mission), and also substantial improvements in
the determining of the observed WDLF from the Gaia collaboration.
3.9.2 Constraints on the neutrino magnetic dipole moment
As often happens in physics, the conservation of a given fundamental quantity
requires the existence of a particle hitherto unknown. Neutrinos have not been
the exception. The existence of neutrinos was first postulated by W. Pauli in
1930 to explain the conservation of energy, momentum, and angular momen-
tum in β-decays (Raffelt, 1996). In the frame of the Standard Model (SM) of
particle physics, neutrinos are massless, electrically neutral, have zero decay
rate, and, in particular, they have zero dipole moment. This simple character-
ization of neutrinos fails when the observed neutrino mixing and oscillation
have to be explained. In this case, it is necessary to go beyond the SM, allowing
a finite neutrino mass, neutrino decays, and in particular, a non-zero magnetic
dipole moment, µν (Raffelt, 1996). The neutrino magnetic dipole moment was
computed for the first time by Fujikawa and Shrock (1980).
Neutrino emission represents an efficient energy-loss mechanism in a variety
of stars, from low-mass red giants and horizontal-branch stars to WDs, neutron
stars and core-collapse supernovae. In the case of WDs —and other objects
at advanced stages of stellar evolution like the cores of red giant stars— neu-
trinos are produced through thermal effects, without nuclear reactions being
involved22. In particular, in the case of pre-WDs and very hot WDs, neutri-
nos are produced mainly as a result of plasmon decay processes [γ → νν], in
which a neutrino (ν) and anti-neutrino (ν) pair is generated due to an indirect
coupling between neutrinos and photons (γ) through electrons in a plasma.
If neutrinos have a non-zero magnetic dipole moment, then a direct coupling
between neutrinos and the photons (electromagnetic field) is allowed. In this
case, plasmon emission processes have to be much more efficient.
The fact that plasma neutrino emission is the dominant cooling mechanism
in pre-WDs and hot WDs (Raffelt, 1996; Winget et al., 2004) implies that the
evolutionary timescale of these stars is sensitive to this mechanism. In other
words, the larger the neutrino plasma emission, the faster the evolution of these
22 This is at variance with solar neutrinos, which are the result of nuclear fusion. For the
Sun, thermal neutrino emission is negligible (Raffelt, 1996).
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stars. This fact offers the possibility of employing the observed properties of
pre-WD and hot WD stars to constrain the possible amount of anomalous
energy loss, if it exists, and then the magnitude of the neutrino magnetic
dipole moment (Bernstein et al., 1963; Raffelt, 2012).
A way to constrain the neutrino magnetic dipole moment from pre-WDs
and hot WDs is provided by asteroseismology. In particular, the DBV (V777
Her) instability strip (22 400 K ∼< Teff ∼< 32 000 K) and the GW Vir instability
domain (80 000 K ∼< Teff ∼< 180 000 K) partly overlap with the Teff interval in
which plasmon neutrino emission controls the evolution of H-deficient WDs.
This is borne out in Fig. 24, where we plot the neutrino and photon luminosi-
ties of a 0.556M⊙ H-deficient WD model in terms of the effective temperature.
From log Teff ∼ 4.9 down to logTeff ∼ 4.4, neutrino luminosity exceeds photon
luminosity. The evolutionary timescale can be derived, in principle, by mea-
suring the rates of period changes. Therefore, in the overlapping regions, the
magnitude of the rates of period change of GW Vir and V777 Her stars is
expected to be influenced by plasmon neutrino emission. This means that, if a
non-vanishing neutrino magnetic dipole moment exists, the value of Π˙ should
be enhanced as compared with the case in which µν = 0, and this excess in
the period drift provides a constraint to µν . This approach is exactly the same
as that adopted to derive upper bounds to the axion mass (see Sect. 3.9.1).
In the GW Vir regime, the prospect of using a measured Π˙ to constrain
plasmon neutrino emission was explored by O’Brien and Kawaler (2000), and
in the V777 Her (DBV) domain by Winget et al. (2004). In the case of GW Vir
stars, the pulsating star PG 0122+200 could, in principle, be an appropriate
candidate to place constraints on the plasmon neutrino emission rate on the
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basis of an observed value of Π˙ . This is because, at the effective temperature
of this pulsating star (Teff = 80 000± 4000 K), the neutrino luminosity should
be comparable to the photon luminosity. However, Vauclair et al. (2011) found
Π˙ values for the periods of this star that are 100− 1000 times larger than the
value expected from the asteroseismological model derived by Co´rsico et al.
(2007b). This period drift cannot be explained by neutrino cooling only, so
that probably, another mechanism is at work. Vauclair et al. (2011) suggest
that the resonant mode coupling induced within triplets by rotation could
be such a mechanism. In short, PG 0122+200 is not useful for constrain-
ing neutrino emission. In the case of V777 Her stars, the pulsating star EC
20058−5234 (Teff = 25 000 − 27 000 K; Chote et al., 2013) could be a good
candidate for exploring the efficiency of plasmon neutrino emission. From the-
oretical grounds, neutrino luminosity should be a factor of ∼ 3 larger than the
photon luminosity in this star. Unfortunately, no measurement of Π˙ is possi-
ble because the long-term period stability is not good enough (Sullivan, 2017).
Another V777 Her star that could place constraints on neutrino emission is PG
0112+104 (Hermes et al., 2017b), the hottest DBV of the class (Teff > 30 000
K), although a measurement of the rate of change of its periods is not avail-
able yet. Fortunately, it has been possible to determine a preliminary value
of Π˙ ∼ (2.0 ± 0.9) × 10−13 s/s for the largest amplitude mode (Π ∼ 489 s)
of another V777 Her star, the pulsating star PG 1351+489 (Redaelli et al.,
2011). Regrettably, with a Teff ∼ 22 000− 26 000 K, this star could be too cool
to allow measurement of the normal plasmon emission rate, but it can be still
employed for detecting anomalous neutrino emission.
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Co´rsico et al. (2014) employed the estimate of the rate of period change
for PG 1351+489 to derive an upper limit to the neutrino magnetic dipole
moment. Specifically, these authors computed the anomalous energy loss due
to the existence of a magnetic dipole moment, εmdmν , from the plasmon neu-
trino emission, εpν , employing the scaling relation of Haft et al. (1994): ε
mdm
ν =
0.318 µ212 (10keV/h¯ωp)
2
(Q2/Q3) ε
p
ν , where µ12 = µν/10
12 µB (µB is the Bohr
magneton). Co´rsico et al. (2014) compared the theoretical Π˙ value for aster-
oseismological models considering increasing values of µν with the observed
rate of period change of PG 1351+489, and assessed the possible existence of
additional cooling by neutrinos with magnetic dipole moment. Fig. 25 displays
the rate of period change of the period Π = 489.3 s (for µν = 0), in terms
of increasing values of µν , corresponding to the asteroseismological model for
PG 1351+489. The estimate of the rate of period change of the 489 s period
of PG 1351+489 and its uncertainties are also shown. These results suggest
the existence of additional cooling in this V777 Her star, consistent with a
non-zero magnetic dipole moment with an upper limit of µν ∼< 7 × 10
−12µB.
A similar analysis, but without considering an asteroseismological model for
PG 1351+489, but instead the spectroscopically derived effective temperature
of this star, indicates an upper limit of µν ∼< 9 × 10
−12µB. In summary, a
conservative limit of µν ∼< 10
−11µB can be adopted as the main result of the
analysis. This constraint is a bit less restrictive than the upper bound derived
from the Galactic WDLF, of µν ∼< 5 × 10
−12µB (Miller Bertolami, 2014), the
upper bound for µν derived from the analysis of red giants from the color-
magnitude diagram of the Galactic globular cluster M5, µν ∼< 4.5 × 10
−12µB
corresponding to the 2σ limit (Viaux et al., 2013a,b), and the 95 % confidence
limit of µν ∼< 3.4× 10
−12µB derived by Hansen et al. (2015) from the WDLF
of the globular cluster 47 Tucanae.
3.9.3 Limits on the secular rate of change of the Gravitational Constant
According to the General Relativity theory, the gravitational constant, G,
does not vary with time or location. However, some alternative theories of
gravity predict that the gravitational constant is both time and space de-
pendent (Uzan, 2003; Garc´ıa-Berro et al., 2007). If these theories are correct,
it is expected that the gravitational constant would vary slowly over long
timescales. A large variety of methods aimed to place limits on a possible
variation of G exists. The most restrictive upper bounds are derived using
Lunar Laser Ranging (G˙/G = (0.2± 0.7)× 10−12 yr−1, Hofmann et al., 2010)
and Big Bang nucleosynthesis (−0.3 × 10−12 ∼< G˙/G ∼< 0.4 × 10
−12 yr−1,
Copi et al., 2004). Other constraints, somewhat less restrictive, come from
the WDLF in clusters (G˙/G ∼< 1.8 × 10
−12 yr−1, Garc´ıa-Berro et al., 2011)
and also from the Hubble diagram of Type Ia supernovae (G˙/G ∼< 1 × 10
−11
yr−1 at z ∼ 0.5, Garcia-Berro et al., 2006), see also Mould and Uddin (2014)
(−3× 10−11 ∼< G˙/G ∼< 7.3× 10
−11 yr−1).
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WDs are ideal targets to detect a hypothetical secular change of G because
they have very long evolutionary timescales, so that the cumulative effect
of a slightly changing G should lead sizable imprints in their evolutionary
properties. This has been investigated by Althaus et al. (2011), who showed
that the mechanical structure and the energy balance of WDs are strongly
modified by a varying the gravitational constant, and the impact is more
pronounced for more massive WDs. Co´rsico et al. (2013) have taken advantage
of the sensitivity of the evolutionary timescale of WDs to G to put limits on its
rate of variation by comparing the theoretical Π˙ obtained taking into account
the effects of a running G with the measured rates of period change of the
ZZ Ceti stars G117−B15A and R548. The rates of period change measured
for the ∼ 215 s mode (G117−B15A) and the ∼ 212 s mode (R548) are larger
than those predicted by the asteroseismological models for these stars, derived
by assuming G˙ = 0. Hypothesizing that this discrepancy can be attributed
exclusively to a variable G, assuming for simplicity that G˙/G is constant,
considering for simplicity that G˙ < 0, and adopting different values for this
quantity, these authors derived upper limits for the rate of variation of the
gravitation constant of G˙/G = −1.8 × 10−10 yr−1 from G117−B15A and
G˙/G = −1.3×10−10 yr−1 from R548. These values are completely compatible
with each other, and are currently less restrictive than those derived using
other methods such as Lunar Laser Ranging and Big Bang nucleosynthesis.
They are comparable to the upper limits derived from Hubble diagram of Type
Ia supernovae and the WDLF. These bounds could be improved if the Π˙ value
were measured for a massive pulsating WD, since the effects of a varying G
are stronger for the more massive WDs (Althaus et al., 2011).
4 Summary
The study of WD stars exceeds by far the scope of the theory of stellar evo-
lution. Examples abound of WD applications to various areas of astrophysics,
such as cosmochronology, and also as laboratories to study exotic physics.
Fortunately, WDs go through certain stages during which the pulsations they
experience allow to “see” their interiors, thus enabling to elucidate their in-
ner structure and evolutionary stage through asteroseismology. The progress
in the study of pulsating WDs has been remarkable in the last decade. This
progress has been partly boosted with both the advent of observations from
space such as the Kepler and K2 missions, and the generation of new detailed
evolutionary models, along with the development of powerful asteroseismolog-
ical techniques. Obviously, the refinement of the observations has led to new
challenges for the theoreticians, being perhaps the best example the exciting
detection of outbursts in cool ZZ Ceti stars.
With the availability of parallax measurements from the Gaia collabora-
tion, and with the arrival of new data from the TESS mission, the field of
WD asteroseismology will surely experience an even greater revolution in a
few years. These circumstances force the members of the WD community to
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be ready to interpret new and unexpected data, which will ultimately lead to
correcting the current theoretical models. Fields such as the dating of stel-
lar populations through cosmochronology, the theory of accretion in WDs,
the physics of matter under extreme conditions (such as crystallization), as
well as the study of fundamental particles (both hypothetical and real), will
ultimately be strongly benefited.
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